JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

DEPARTMENT OF MATHEMATICS
UNIT |-PARTIAL DIFFERENTIAL EQUATIONS

1.1 FORMATION OF PDE BY ELIMINATING ARBITRARY CONSTANTS &
FUNCTIONS

Notations: If z= f(X,y) then

I S L SNl _t_ﬁ_zz

=— ; ’S: ;
P oy ox° OXoy oy’

Formation of PDE by eliminating arbitrary constants:
Let the given equation be z= f(x,y,a,b) ————— @
Step 1: Differentiating (1) partially with respect to x

0z ,
a—:p:f(x,y,a,b) _____ (2)
X

Step 2: Differentiating (1) partially with respect toy

%:q: f'(x,y,a,b) ————-— ©)

Step 3: Eliminate a &b from (1) using (2) & (3)

1. | Obtain partial differential equation by eliminating arbitrary constant ‘a’ and ‘b’ from

z=(x—a)*+(y—b)?

Solution:

Given z=(x—-a)’ +(y—b)> ————()
Diff Partially w.r.t x

Q:Z(x—a)+0
OX

p=2(x-a) ————(2)
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Diff Partially w.r.t y

%:0+2(y—b)

q=2(y-b) ~—--(3)

Eliminate a &b from (1) using (2) & (3)

(2):»(x—a)=§ = (4)

Sub (4) & (5) in (1)

- B2 ﬂ2
(1):>z_(2j +(2J

The required the PDE is

p°+q° =4z

2. | Form the partial differential equation by eliminating the arbitrary constants ‘a’ & ‘b’ from

z=(x*+a)(y’ +h).

Solution:

Given z=(x*+a)(y*+b) ————(1)
Diff Partially w.r.t x

% p=ax(yt +b) ()
OX

Diff Partially w.r.t y

S =a=2y0¢+2) -

Eliminate a &b from (1) using (2) & (3)

(2) = (y*+b) =2—px————(4)
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B)=x+b=J ____(5)
2y
Sub (4) & (5) in (1)

{5

The required the PDE is

4xyz = pq

3. | Find the PDE of all planes having equal intercepts on the x and y axis.

Solution:

X Z
The intercept form of the plane equation is —+ % +—=1
a c

Given that equal intercepts onthe x&y axis= a=Db

Diff Partially w.r.t x

i+0+16—Z:0 :>1:_—1p -———(2)
a C OX a ¢

Diff Partially w.r.t y

1oz 1

1 -1
0+5(1)+55=0 == -———0)

From (2) & (3) %1 p= %1q The required the PDE is| p=(

4. | Obtain the partial differential equation by eliminating arbitrary constants ‘a’ and ‘b’ from

(x—a)2 +(y—b)2 +2°=r°
Solution:
(x—a) +(y-b) ' +22=1————) -(Q

Diff Partially w.r.t x
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2(x—a)(1—0)+0+22g =0
OX

=2(x—-a)+2zp=0 ————— 2
Diff Partially w.r.t y

0z
0+2(y-b)1-0)+2z— =0
+2(y —b)( ) +22

—2(y-b)+224=0 ————~— ©

Eliminate a &b from (1) using (2) & (3)

Sub (4) & (5) in (1)

(-zp)* +(-2q)* +2° =1

The required PDE is|z? ( p® +0° +1) =1

Formation of PDE by eliminating arbitrary functions:

Eliminate the arbitrary function f from z= f (xj and form the PDE.
X

Solution:

Diff Partially w.r.t x

o ) = (2
OX X X X y

Diff Partially w.r.t x

oY [L) o
5= ) o

P_-Yy
From (1) & (2) —=— = [px+qy=0
rom (1) & (2) g x pX+qy
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Form the partial differential equation by eliminating f fromz = x* + 2 f [1 +log xj .
y
Solution:
. ) 1
Given z=x"+2f| —+logx | ————— @
y

Differentiate (1) partially w.r. t x

g:2x+2f{i+long(0+1]
OX y X

p=2x+2f'(1+|ong(1j - f'{inogx]:(p—zX)f )
y X y 2
@:Zf'(£+long(_—21+oj
oy y y

_ 2
q:—ff'(lﬂong :>f'££+long:—qy ————— ©)

y y y 2

Eliminating T~ from (2) & (3)

X _—qy’
(p—2x)5= ; = (px—2x*)=—qy*

= | px+qy’ =2x°

Formation of PDE by eliminating ffrom f(u,v)=0 ------ €8]

Method 1:
P g -
The required PDE of (1) is [u, U, Uu,(=0
Ve v, Y,
Method 2:

The required PDE is Pp+Qq=R

Where
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1| Form the PDE from ¢(ax+by+cz, X2+ Yo+ 22) =0
Solution:
Given ¢(ax+by+cz,x* +y* +2°)=0

This is of the form f (u,v) =0 where u=ax+by+cz & v=x*+y* +7°

p g -1
The required PDE of (1) is [u, U, Uu,(=0
Ve v, Y,
p g -1
a b c|=0
2X 2y 2z

= p(2bz—2cy)—q(2az —2cx) +1(2az —2¢cx) =0

+2=| (bz—cy)p+(cx—az)q+(az—cx) =0

2. | Form the PDE from ¢(x2 +y° + 77, xyz) =0
Solution:
Given ¢(X* +y? +2%,xyz) =0

This is of the form f (u,v) =0 where u=x*+y*+2°> & v=xyz

p g -1
The required PDE of (1) is |u, u, Uu,|=0
Ve v, Y,
p aq -1
2x 2y 2z/=0
yz Xz xy

= p(2xy? —2xz°) —q(2x°y —2yz?) +1(2x’z - 2y*z) =0
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2= X(Y =) p+y(z* = x*) +z(x* —y*) =0

Form the PDE from ¢(X’ X2 +y2+ zzj =0
X
Solution:

Given ¢(X,x2 +y° +22j:0
X

This is of the form f (u,v) =0 where u=2 & v=x2+y? + 2
X

p q -1

The required PDE of (1) is |u, u, Uu,|=0
Ve v, Y,

p g -1

_y 1

L= ol=

G ¢

2xX 2y 2z

2 2
+2:£+£q_(v X ]:o

X Xx° X

(2 o2
:>xzp+yzq (y +x)

X2

xzp+yzq—(y* +x*)=0
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DEPARTMENT OF MATHEMATICS

UNIT 1-PARTIAL DIFFERENTIAL EQUATIONS

1.2 SOLUTIONS OF STANDARD TYPES OF FIRST ORDER PDE

Solutions of standard types of First order PDE’s:

Different solutions of PDE:

Complete Integral (or) Complete Solution:

If the number of arbitrary constants is equal to number of independent variables, then the solution is called Complete
integral.

Sinqular Integral (or) Singular Solution:

Consider a PDE of firstorderas f(X,y,z,p,q)=0 ————— @
It’s complete integral may be, f(X,y,z,a,b)=0 ————— @)

Diff (2) partially with respect to a &b respectively,

_E —_—— e — — —
_E = —_———— ——

Eliminating a&b from (3) & (4) will get the Singular integral.

General Integral (or) Complete solution:

A Solution which contains number of arbitrary functions is equal to the order of the given PDE.

(or) A solution which contains the maximum possible number of arbitrary functions.

Type I:

Equations of the form f(p,q)=0—-————— @
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To find Complete Integral:

Let the complete solution of (1)is z=ax+by+c ————(2)
Let p=a & q=Dbin(1)

f (a,b) =0 and represent b =¢(a)
)= z=ax+g(@)y+c ————(3)
To Find Singular Integral:

Diff (3) partially with respect to ¢

0 =1 which is impossible
There is no singular integral for this type.
To find General integral:

Put c=g(a) in(3)

@)= z=ax+¢(a)y+g(a) ————(4)
Diff (4) partially with respect to a
0=x()+¢'(@)y+9'(@) ————(5)

Eliminating a from (4) & (5) we get general integral.

1. | Find the complete integral of p+q = pq

Solution:

Given p+q=pgq ————()

This of the form f(p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z=ax+by+c ————(2)
Let p=a & g=bin(1)

)= a+b=ab :>a+b—ab=o:>b=ai1




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Subb in (2)

a
Z=ax+| — |y+cC
=

This is the required complete integral.

2. | Find the complete integral of p+q=1

Solution:

Givenp+q=1 ————()

This of the form f(p,q)=0

To find Complete Integral:

Let the complete solution of (1) is z=ax+by+c ————(2)
Let p=a&q=hbin(1)

D= a+b=1=b=1-a

Sub b in (2)

z=ax+(@-a)y+c

This is the required complete integral.

3. | Solve \/E+\/a:1
Solution:

Given/p +\/a=1 ——@Q)
This of the form f(p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z=ax+by+c ————(2)

Let p=a &Qq=Dbin(1)

W= Va+b=1=\b=1-va =b=(1-Va)
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Subb in (2)

z :ax+(1—\/5)2 y+c |————(3)

This is the required complete integral.
To Find Singular Integral:

Diff (3) partially with respect to ¢

0 =1 which is impossible

There is no singular integral for this type.
To find General integral:

Put c=f(a) in(3)

@)= z=ax+(1-Va) y+ (@) ———()
Diff. (4) partially with respect to a

0= x(1)+2(1—\/5)% y+f(a) ————(5)

Eliminate a from (4) & (5) we get the general integral.

Type II:

Equations of the form z = px+qy + f(p,q) ——————
To find Complete Integral:

Put p=a &q=bin(1)

L@ =>z=ax+by+f(@b) —————-— (2)

To Find Singular Integral:

Diff (2) partially with respect to a

0=x@+0+ f'(a,b) ————(3)

Diff (2) partially with respect to b

0=0+y@®)+ f'(ab) ————(4)
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Eliminating a & b from (2) using (3) &(4), we get the singular integral.
To find General integral:

Put b =¢(a) in (2)

()= z=ax+¢(a)y+9(@) —————-— ®)

Diff (4) partially with respect to a

0=x@+g'(@)y+g'(@) ————(6)

Eliminating a from (5) & (6) we get General integral.

1.

Solve z = px+qy + p°q°

Solution:

Given z= px+qy+ p’q® ————— (@)
Equations of the form z = px+qy + f(p,q)

To find Complete Integral:

Put p=a &q=bin(1)

() =>|z=ax+by+a’? |-————— (2)

This is the required complete integral
To Find Singular Integral:

Diff (2) partially with respect to a

0=x(1)+0+2ab’> = x+2ab*=0 = x=-2ab’————(3)
Diff (2) partially with respect to b

0=0+y(l)+0+2a’h = y+2a’h=0 = y=-2a’h————(4)

Eliminating a & b from (2) using (3) &(4)

3)= %: _2ab————(5)
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@)= L= —2ab-——(6)
a

From (5) & (6)

>

=Lk (say)
a

b

=X_k& Yok
a

& a=Y ————(7)

Suba&bin(2)

y X yz XZ
2) > 1= X+—yY+—>5—
( ) k ky k2 k2
2,,2
NN XY
k k k*
2xy  X°y?
k k* ®
To find k
Sub (7) in (3) (or) (4)
2 _ 2
(3):>x:—2%% = X= 2k>;y k® =-2xy

2,,2
(8): Z:ﬂﬁ-i jzzz_xy_ﬁ
K K(=2xy) k 2k

_ 3,,3
:4xy Xy :>z=3ﬂ 323:27x3y
2k 2k 8k

162% = -27x%y?

This is the required singular integral.

To find General integral:
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Put b=¢(a) in (2)

)= z=ax+f(ay+a’[f@)] —————- Q)
Diff (9) partially with respect to a

0=x@)+ f'(a@y+2f(a)f'(a) ————(10)

Eliminating a from (9) & (10) we get General integral.

2. | Find the singular integral of z = px+qy + p° + pq +q°
Solution:

Given z= px+qy+ p°+pg+q> ————— )
Equations of the form z = px+qy+ f(p,q)

To find Complete Integral:

Put p=a &q=Dbin(1)

() =| z=ax+by+a’+ab+b® [—————— )

This is the required complete integral

To Find Singular Integral:

Diff (2) partially with respect to a
0=x()+0+2a+b+0 = 2a+b=-x ————(3)
Diff (2) partially with respect to b
0=0+y@+0+a+2b = a+2b=-y ————(4)
Eliminating a & b from (2) using (3) &(4)

(4)x2=2a+4b=-2y ————— 5)

(3)-(5)= —3b=—x+2y =|b=

Sub the value of b in (3)
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2a+b=-x = 2a=-x-bh= 2a=—x—(x_2yj

:_BX_—;HZy = 6a=-4x+2y =>|a= 3

2a

Sub the value of a & b in (2)

2 2
, =(y—2xjx+(x—2yjy+(y—2xj +(y—2x](x—2y}r(x—2yj
3 3 3 3 3 3
Xy — 2x° . Xy —2y? N y? —4xy +4y? . xy—2y2—2x2+4xy+ X? —4xy +4y?
3 3 9 9 9

=

L 3xy —3X% +3Xy —6Y° + Y —4xy + 4y + Xy —2y* —2X* +4Xy + X* —4xy + 4y?
9

9z =-4x>+y* +xy

Solve z = px+qy++/p? +0° +1

Solution:

Given

Z=pX+Qy+4p2+gP+1l ————— )]

To find Complete Integral:

Put p=a &q=Dbin(1)

() = |z=ax+by++/a® +b*+1| ————(2)

This is required complete integral.
To Find Singular Integral:

Diff (2) partially with respect to a

0=x(1)+0+;(2a) = [X=

—— ————(3)
24a® +b? +1 Ja2+b?+1
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Diff (2) partially with respect to b

—b

1
S S Y 7
2Ja? +b%+1 Jai+b?+1

Eliminating a & b from (2) using (3) &(4)

0=0+y@)+ (2b) =

2 2
-a -b
(3 + (4 :x2+y2=[ ] { J
JaZ+b?+1 Ja?+b%+1

) ) a2 b2
X+Y =F—(5 -+t 723
a‘+b°+1 a“+b°+1

a’+b?

2 2
Xryl=———
a’+b*+1

a’+b’

1-(C+yY)=1-— 2
( y) a’+b*+1

_a’+b*+1-a’-b’?

1—X2— 2
y a’+b%+1

1

1-x2—y?=— —
y a’+b?+1

=1+a’+bh?®=

1_X2 _y2

Taking square root on both sides

SWra——t | )

1_X2 _y2

Sub (5) in (2) and (3)

-a —X
@)= x=—7F— = x=-a1-x"-y* = a=———

1-x"-y

[1_ x2 _ yz
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(4):>y:_fb =y=-b/l-x*-y> =|b= -y

/1_ x2 _ yz
/1_ x2 _ yz

Sub (5),a & bin (2)

—X -y 1
(2) = 7= ——— |X+ y+
’1_ X2 _ y2 '1_ X2 _ y2 '1_ X2 _ y2
2 2

== P— + !
\/1_ X2 _y2 \/1_ X2 _yz \jl— X2 _yz

1_X2_y2

/1_X2_y2
= z:wfl—xz—y2

Squaring on both sides

= 7=

72 =1-x*-y* = X’ +y*+2°=1

4. | Find the singular integral of z = px+qy + p2 - q2
Solution:

Given z=px+qy+p°—-q> ————— )]
Equations of the form z = px+qy+ f(p,q)

To find Complete Integral:

Put p=a &q=Dbin(1)

o () =|z=ax+by+a’ —b?| —————— 2)

This is the required complete integral
To Find Singular Integral:

Diff (2) partially with respect to a
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0=x(1)+0+2a+0 = a=7x —3)
Diff (2) partially with respect to b
0=0+y(1)+0-2b= b:% (4
Sub a & bin(2)

=G (3]G

2 2 2 2
L(2Q)=>z S SR
2 2 4 4

2 2 2 2
:2x+2y+x y N

4z =—x* +y?
4 y

(=12

This is the required singular integral.

Type H1I:

Equations of the form f(z, p,q)=0 ————— @
In this type X & Yy do not appear explicitly.

To find Complete Integral:

Let the complete solution of (1)is z= f(x+ay) ——————
Let X+ay=u
@=z=1fu —————- 3

By total derivative,

0z dz ou dz ou
—=——=p=—(@) Tu=x+ay = —=1
oX du ox dx OX
0z dz ou dz ou
—=—.-— =>(0=a— Tu=X+ay =>—=a
oy du oy du oy

Substitute the value of p & qin (1)
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(1):>f(z,£,a$j=0
du du

This may be solve by method of separation of variables

Other solutions can obtain as usual.

1. | Solve p(l+Q)=0z.

Solution:

Given pl+qg)=0gz ————(@)
This is of the form f(z, p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z = f (x+ay)

Let x+ay=u = z="f(u)

Thenp=j—lzj &q:aa

Substitute the value of p & qin (1)

@ :E(H aE j: azz
du

du du
1+a£=az
du
E:az—l
du
dz _du
az-1

Integrating on both sides

d
[Praal kL
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u=log(az-1)+c -.'I%dx:log f (x)

Ix+ay=log(az-1)+c |

This is the required complete integral.

Other solutions can be obtained as usual.

2. | solve 2?2 =1+ p® +@°

Solution:

Given z° =1+ p*+q°* ————(Q)
This is of the form f(z, p,q)=0

To find Complete Integral:

Let the complete solution of (1)is z= f(x+ay) —————— (2)
Let x+ay=u = z="f(u)

Thenp:j—i &qzagll—lzJ

Substitute the value of p & qin (1)
2 2
0 =7 :[Ej +(a£j +1
du du
2 2
:(Ej +az(ﬂj =7°-1
du du
2
:>(1+a2)[£) =7"-1
du
(dz jz 7 -1
= — =
du 1+a’

Taking square root on both sides
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dz Jz2 -1

du  \1+a?

N dz _ du
J72 -1 1+a’

Integrating on both sides

This is the required complete integral.

Other solutions can be obtained as usual.

1 dz
cosh™z= u+c | ——=——= =cosh™ x
a’-1 J.«/xz -1
cosh™z= (x+ay)+c U=X+ay
a’-1

Solve p(l— qz) =q(1-2)

Solution:

Given p(1-¢*)=q@-2) ———-(1)

This is of the form f(z, p,q) =0

To find Complete Integral:

Let the complete solution of (1) is z = f(x+ay)
Let x+ay=u = z="f(u)

Thenng—lzJ &q:ag—i

Substitute the value of p & qin (1)

dz dz \’ dz
@ :E{l—[aaj }:aﬁ(l— 2)
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2
1—a+az:a2(£j
du

Taking square root on both sides
a ;j_z =Jl-a+az

u

adz du

Jl-a+az B

Integrating on both sides

a(lel—a+az j:quC
a

-.-I%dx:i(zx/;)

2Jl-a+az =x+ay+c U =X+ay

This is the required complete integral.

Other solutions can be obtained as usual.

Type IV:

Equations of the form f,(x, p)= f,(y,q) —————— @
To find Complete Integral:

Let f,(x, p) = f,(y,q)=a(say)

~hp)=a ; f(y.q)=a

From the above we get p = f (x,a) ; q= f,(y,b)
Substitute the value of p & q in z :j pdx+'[qdy

Integrating we get complete integral

Other solutions can obtain as usual.

1. | Solve p?+0g°=x>+y?

Solution:
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Given p®+q®=x>+Yy?

This is of the form f,(x, p) = f,(y,q)
To find Complete Integral:

Let p>—x*=y*—q° =a’(say)
LpP-x*=a® ;y*-g*=a’

apt=at+x? =y’ -—al

p= a1+ x2 g = yz_az

Substitute the value of p & @ in

z =J.«/x2 +a’ dx+J-w/y2—a2dy
z :g,/x2 +a’ +%25inhl(§J+%,/y2 -a’ +%zcoshl(§J+c

a

-.-1)I1/x2+a2 dx=§,/x2+a2 +a?zsinhl(232) J‘\/yz—azdyzgwfyz—a2 +a?2coshl(

Integrating we get complete integral

Other solutions can obtain as usual.

’)

Find the complete integral of p®y(1+ x*) = gx*
Solution:

Given p’y(1+x%)=0qx’

P a9y
X y

This is of the form £ (x, p) = f,(y,q)

To find Complete Integral:
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2 2
Lot DY)

> —=af(say)
X y
2 2
p (1ij )_, ;%:a
2 X
= =a
P 1+ x° =9
a x
1+ X
Substitute the value of p & @ in
z:j Ja x dx+jay dy

1+ X2

let 1+ x> =t = 2xdx=dt = xdx =

_Jaf lat, Yy
va] £ 5 ral

Ja ay? 1

SN h+ Y [ dx=2
2= Jt : I\/;X Jx

2
z =+JaVl+x? +a%+c

3. | Find the complete integral of p+qg=sinx+siny
Solution:

Given p+Qg=sinx+siny

p—sinx=siny—-q ————— @

This is of the form f (X, p) = f,(y.q)

To find Complete Integral:

Let p—sinx=siny—qg=a(say)
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S.p—sinx=a ;siny—g=a

~|p=sinx+a| ;|g=siny-a

Substitute the value of p & @ in
z =I(sin X+a) dx+j(sin y—a)dy

Z =COSX+ax+Cosy—ay+cC

|z=cosx+cosy—a(x—y)+c|

This is the required complete integral
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DEPARTMENT OF MATHEMATICS

UNIT 1-PARTIAL DIFFERENTIAL EQUATIONS

1.3 LAGRANGE’S LINEAR DIFFERENTIAL EQUATION

Lagrange’s Linear Differential Equations:

z z
Equations of the form Pp+Qq=R (or) P% +Qa— =R

oy

Where P,Q,R are functions of X, Y,z or constants.

Procedure :

1. Write the auxiliary equation dx = dy = L2
P Q R

2. Solve the auxiliary equation by using
a) Method of grouping
b) Method of multipliers

a) Method of grouping: In the auxiliary equation, if the variables can be separated in any pair of equations, then we
get a solution of the form u(x,y,z)=c¢, & Vv(Xx,Y,z)=¢,

.". The general solution is [¢(u,v) =0

b) Method of Multipliers:

i) Choose any three multipliers |, m, n which may be constants or functions of X, y, z we have

dx _dy _dz _ldx+mdy+ndz

P Q R IP+mQ+nR

If it is possible to choose I, m,n such that IP+mQ+nR =0 then ldx+mdy+ndz=0
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Integrating this we get u(x,y,z)=c,
ii) Choose another any three multipliers I’,m’,n"which may be constants or functions of X, y, z we have

dx _dy _dz _I'dx+m'dy+n'dz

P Q R IP+mQ+nR

If it is possible to choose I',m’,n" such that I"P+m'Q+n'R=0 then I'dx+m'dy+n'dz=0
Integrating this we get v(X,Y,z) =C,

.". The general solution is ¢(u,v) =0

1. | Solve x(y—z)p+y(z—X)q=z(x—Y)

Solution:

Given x(y—2)p+Yy(z—Xx)g=2z(Xx—-Y)

This is of the form Pp+Qq =R

Where P=x(y-2); Q=Yy(z-X); R=z(x-Y)
The auxiliary equation be

i _dy_dz

P Q R

dx dy dz

- ")
=2 yz-x)  2(x-y)

i) Choose the multipliers as (1,1,1)

)= dx _ dy _ dz
x(y=2) y(z-x) z(x-y)
B dx+dy +dz _dx+dy+dz
_xy—xz+yz—xy+xz—yz_ 0

Sdx+dy+dz=0

Integrating J.dx+J.dy+Idz =0
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X+y+z=c¢

i) Choose the multipliers as (lilj

Xy z
)= dx _ dy _ dz
x(y-2) y(z-x) z(x-y)
dx  dy dz
_ Xy 'z _dx+dy+dz
Yy—Z+Z—X+X-Y 0
o, dy d_,
X 'y z

Integrating J.d—;+_|'d—;+jd—zz =0

logx+logy+logz=logc,

logxyz=logc, = |xyz=c,

. The general solution is |¢(X+Yy+2,Xxyz)=0

2. | solve x(z° —y?) p+y(x* —z°)q =z(y* —x?)

Solution:

Given x(z®—y?)p+y(x* —z%)q=z(y* - x%)

This is of the form Pp+Qq=R

Where P =x(z° —y?); Q=y(x*-z%); R=z(y*-x?%)

The auxiliary equation be

d_dy_dz
P Q R
dx dy dz

-

X(Z2—y?)  y(*-2°) 2y’ )
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i) Choose the multipliers as (x,y,2)

Xdx ydy zdz
1) = = =
W=y i) 2 —x)
3 xdx + ydy + zdz _ xdx+ ydy + zdz
- x222—x2y2+x2y2—y222+y222—x222 - 0

s Xdx+ydy+zdz=0

Integrating .[ xdx +j ydy + _[ zdz=0

x> +y*+2° =¢f

i) Choose the multipliers as (lilj
X'y z
dx d d
(1):>X X — y — JA
2oy Loe-2) Ly-xd)
X
de dy 2 dx dy dz
_ X 'y z _X y z
-y X =Pyt =X 0
X 'y z
Integrating J%+Jﬂ+ Q:o
X y z

logx+logy+logz=1logc,

logxyz=logc, = |xyz=c,

. The general solution is ¢(X2 +y*+ 77, Xyz) =0
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Solve (X* —y*—z%)p+2xyq = 22X

Solution:

Given (x> —y* —z%)p+2xyq =2zx

This is of the form Pp+Qg=R

Where P = (x* —y*—2z%); Q=2xy; R=2zx

The auxiliary equation be

dx_dy _dz
P Q R
dx dy dz

———-

X2 —y?—7° :2xy:22x

i) by method of grouping, from last two ratios

0o _ &
2xy 22X
dy_dz
y
Integrating I ﬂ: L2
y z

logy =logz+logc
logy—logz=1logc,

y

log==logc,
z

:Cl

i) Choose the multipliers as (x,y,z)
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)= xdx _ ydy _ zdz

X(xX*-y*-2*)  y(2xy)  z(2zx)

xdx + ydy + zdz _ xdx+ ydy + zdz

X2 —xy? —xz° +2xy? +2xz2° X +xy? +xz°

_ xdx+ ydy + zdz
X(X2 +y? +12%)

From 3" and last ratio

dz  xdx+ydy+zdz
(2zx)  x(x*+y*+17%)

dz  2xdx+2ydy +2zdz

z (X*+y*+17%)
: dz [ 2xdx+2ydy+2zdz
Integrating | —=
J IgJ-z I (X +y*+17%)
f'(x)
log z =log( x? + y? + z* | —=2dx =log| f(x
gz=log(x*+y*+2°) jf(x) o[ f (9]

logz =log(x* +y* +2°)+logc,

logz—log(x* +y* +2*)=logc,

Z

log—————=logc
X2 +y? + 722 2

z =C

X2+yi+z2 ¢

.. y z
The general solutionis |¢| =, ————— |=0
Z X“+y +z

4. | Solve (3z—4y)p+(4x—22)q=2y—3X

Hint:
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The multipliers are (x,y,z) & (2,3,4)

The general solution is ¢b(x” +y* +2%,2x+3y +4z)=0

5 | Solve (y—xz)p+(yz—x)q=(x+y)(X—-Y)
Hint:

The multipliers are (x,y,z) & (y,x,1)

The general solution is ¢b(x +y* +2°,xy+2)=0

6. | Solve x(y*+z)p+y(x*+1z)q=z(x*—-y?)

Hint:

The multipliers are (

< |~
N |~

= J & (x,-y,-1)
y

The general solution is ¢(£’ X2 —y? - 22] =0
y
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DEPARTMENT OF MATHEMATICS

UNIT 1-PARTIAL DIFFERENTIAL EQUATIONS

1.4 HOMOGENEOUS LINEAR PDE OF SECOND AND HIGHER ORDER WITH
CONSTANT COEFFICIENTS

Homogeneous Linear PDE of second and higher order with constant co-efficient:

Consider the second order homogeneous linear PDE

P11 o

+ ta, — = f X) _____ 1
: . 0 , O
Let the differential operator D=— &D'=—
OX oy
()= (D*+aDD'+2,D%)z=f(xy) ————- 2

The general solution of equation (2) is

|z = complementary function+ Particular IntegraI:C.F+P.I|

To find complementary Function:

1. Write the Auxiliary equation by putting D=m,D'=1,z=1, & RHS =0
()= m*+am+a, =0
2. Solve the auxiliary equation, we get the roots of m. Say the roots are m;, m,

3. Comparing the roots of m and write the complementary function.

Case 1: The Roots are real and distinct : say m, = m,

C.F=f(y+mx)+ f,(y+m,x)
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Case 2: The Roots are real and equal : say m, =m, =m

C.F = f,(y+mx) + xf,(y + mx)

Note: If the rootsare m=a +if

then C.F = f[y+(a+ip)]+ f,[y+(a—-i1p)]

To find Particular Integral :

Type : |

If [RHS =™ | then

| # eax+by

P.I=
f(D,D’)

Rule: D=a & D'=b

1

=—— e*» Provided Denominator 0
f(a,b)

P.l

If Denominator =0, then 1) multiply the numerator by x 2) differentiating denominator partially w.r.to D

X
eax+by

Pl=— >
f/(D,D)

1

= mea”by, Provided Denominator #0 . Replace D=a & D'=b
a,

P.l

Continuing this process until we get Dr #0.

Type : 1l

If [RHS =sin(ax+hy) (or) RHS=cos(ax+hy) | then

sin(ax + by)

P =—— _
f(D?,DD',D")

Rule: D? = —(a?); DD’ = (~ab); D' = —(b?)
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1 . )
P.l = sin(ax +by) ,Provided Dr =0
fCal—ab,p7) X rY)

Note 1: After substitutions the denominator will be in terms of D & D’ . Multiply and divide by D so that the

denominator will have D? & DD’ terms.

Note 2: After substitutions the denominator will be in terms of D & constant terms,

1
Foreg. P.l = 5

sin(x—-2
c (x=2y)

Take conjugate of denominator with constant term and multiplied with both numerator and denominator.

L DHSdinx—2y)=
D-5 D+5 D?-25

P.l = sin(x—2y)

Then apply the rule as usual.

Type : 11

If [RHS=x"y"| (polynomial type) then

x™y", we bring this into a standard binomial format, by taking out highest power term of D.

Pl 0D
(ie) P.l =[1% f (D, D)]*x™y"

This will be expanded by using the formulae
=X =1+ X+ X+ X3 +...

AL+ X)) =1-Xx+Xx" =% +...

(1-X)? =1+2x+3x"* +4x° +...

(L+X)? =1-2x+3x" —4x° +...

Note:

%:fdx ,D'=%
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Type : IV (Exponential shifted rule)

If |[RHS =™ cos(ax +by)| (or)|RHS =& sin(ax + by)|(or)|RHS =e***x™y" | then

1 .
Pl=—"—¢eYsin(ax+b
f(D.D) ( y)
ax+h 1 H
P.I =™ sin(ax +by)
f(D+a,D'+b)

Here after apply the rule as we discussed in Type &Il

Type : V

If |RHS =ycosx| (or) |RHS =ysinx| then

Case 1:

P.l= y COS X
D-mD’

P j(c—mx)cosxdx ~ Rule:|y =c—mx
D-mD’

Case 2:

P.I= y COS X
D+ mD’

P.l = c+mx)cosxdx ‘- Rule:y=c—-—mx
D+mD’I( ) y

Note: After integration we have to replace c—mx =y

L. | solve (D*~DD'-20D" )z =" +sin(4x - y)
Solution:
Given (D? —DD'—-20D" )z =€>* +sin(4x—y)

To find C.F

The auxiliary equation is
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m?>—m-20=0
(m-5)(m+4)=0

m=5-4

~|C.F =1 (y—4x)+ f,(y+5x)

P.I, =
~16—4—20(-1)

X ]
= sin(4x —
5 (4x-y)

- D’

D .
= x —SIn(4x —
2D-D' D ( y)

To find P.1
Pl =— L 5
D°-DD’'-20D’
Pl=P.l +P.l,
1
Pl = Sy
' D?-DD’'-20D"
— 1 e5x+y — EESXer
25-5-20 0
— X e5x+y
2D-D’
— X eSx+y
10-1
P.I, = Je¥
9
P.l, = L sin(4x-y)
"? D?*-DD’'-20D"

wreplace D=m,D'=1,z=0

. The roots are real and distinct = C.F = f,(y + mx) + xf, (y + mx)

[es”y +sin(4x — y)]

Rule: replaceD=5& D’ =1 Type:1

*+ Introducing xin Nr.Diff Dr.partially w.r.to D

Rule: replaceD=5&D'=1

herea=4&b=-1 (Type:2)

Rule: replace D* = —(a*) = -16; D> = —(b*) =-1& DD’ = —(ab) = 4

sin(4x—-vy) = %sin(4x -Y)

*.» Introducing xin Nr.Diff Dr.partially w.r.to D
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xD :
~207—pp " Y

xD

=m3in(4x— y)

_ xD(sin(4x-y))
- -32-4

_ 4xcos(4x+3)

P.l
2 -36

_—1x cos(4x +3) i(sin Nnx) = ncos nx
9 dx

P.1, _Elx cos(4x+3)

_X
9

P.l

1 X
Sxry _ = _ 2[5y _
e X cos(4x+3) S [e cos(4x + 3)]

The general solution is

z=C.F+P.

z=f,(y—4x)+ fz(y+5x)+g[e5X+y — cos(4x+3)]

3 3
Solve a—§—2 622
2. OX OX“OX

=% +4sin(x+y)

Solution: same as previous problem

Hint:
0’z 0°z )
Given — —2 =" ;- 4sin(x +
o ox%ox (x+)
3 21 X+2 H a ’ 6
(D°-2D°D')z =€ +4sin(x+y) +D=— &D'=—
OX oy

C.F=f(y)+xf,(y)+ f,(y+2x)
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P.l = %e“zy —4cos(x+2Y)

3. | Solve (D*+DD'~6D" )z = X"y +€%*
Solution:
Given (D* +DD’'-6D" )z =Xy +€>"

Tofind C.F

The auxiliary equation is
m’+m-6=0 replaceD=m,D'=1,z=0

(m-2)(m+3)=0

~|CF=f(y-3x)+ f,(y+2x)| - The roots are real and distinct = C.F = f,(y +mXx) + f,(y +m,X)

To find P.1

1
P.I = X2y + e
D2+DD'—6D'2[ y }

P.I=P.I,+P.,

P.I, = X’y (Type:3)

' 12
1 1—(2—6[) j+..1x2y CAFEX) T =1 X+ X=X
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1|, D(xy) 6D?(x%)
2 y- + 2
D D D

D?+DD’-6D"

1 e3><+y — 183x+y

T 9+3-6() 6

P.I, _Leo
6

12Xy X Ly
12 60 6

The general solution is

z=C.F+P.

2

=——[1-—+ X wD'=—
> )<

P.l, = L ey Rule: replaceD=a=3&D'=b =1

Type:1
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xty x> 1,
z=f —3X)+ f 4+2X) +—L - ey
(y=3x)+ f,(y +2x) TR

4| Solve (D*+2DD’'+D"?)z=x’y+e*”

Solution: same as previous problem
Hint:

m=-1-1
C.F=1f(y—x)+xf,(y—x)

4 5 2
Xy XX,

" T 12 30 2

5 | Solve (D*~6DD'+5D")z =xy+e*sinhy
Solution:

Given (D2 —6DD’+5D'2)2 =xy-+e*sinhy

Y _ a7y 0 A0
:xy+ex(e € J +lsinho=5=° ,hered=y
e+ e'e’ —e'e”’
2
(D2—6DD'+5D'2)z—xy+ex+y e el =g
2 2 '

To find C.F
The auxiliary equation is
m’> —-6m+5=0 ‘sreplace D=m,D’'=1,z=0

(m-)(m-5)=0

~|CF=1f(y+x)+f,(y+5x)| - Theroots are real and distinct = C.F = f (y +mx) + xf,(y + m,x)
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To find P.1

i ex+y ~ ex—y
D®-6DD’+5D" Y 2 2

P.l =

PI=P.Il+Pl,—Pl, ————— )

To find P.1y

1

P.l = X
' D?-6DD’+5D" Y

(Type:3)
1

—6DD’ +5D"
D? |:1+{D2

| |

1 (-6D" sp?\|"
=—|1+| —+-—=
D D ' D

Xy

1 -6D’' 5D
— —
D? D D?

+} Xy w@l+X) T =1-x+x =X+

0 0
DY) =—(y)=1 &D?(y) = —(y) =0
Xy (y) ay(y) (y) ayz(y)

Tofind P.1,
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PI, = ! L
"2 D?’-6DD'+5D? 2 '

=(%j 1 e”y:(l)le”y Rule: replaceD=a=1&D'=b=1

1-6+5 2)0
_(1 X xey
2)2D-6D'+0
:(Ejiew
2)2-6
G
2) 4
—X
Pl,=—e""
8
To find P.13
X=y
P.l,= ! € Type:1

D?-6DD’'+5D"* 2

(L 1 e Rule: replaceD=a=1&D'=b=-1
2)1+6+5

P.I, :ie“y
24

3 4
= PA=PL Pl —PI, =XV X Xy _ Lo
6 4 8 24

The general solution is

z=C.F+P.

X’y x' X 1
z=f(y+x)+ f,(y+5x) +—F+———e"Y ——¢e"’
(Y +x)+ F,(y+5x) s "1 8 >4

6. | solve (D2 +2DD' + D'z)z =sinh(x+y) +e**%
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Solution: same as previous problem

Hint:

(D?+2DD'+D'"?)z =sinh(x+y) +e"

X+y (X—Y) X+y —X-y
(D2+2DD'+ D'Z)Z:L+ex+2y:_e _E 4 xRy
2 2 2

Xty g Xy
-——+e
2 2

X+2y

(D2+2DD'+D’2)2:

m=-1-1
C.F=1f(y—x)+xf,(y—x)

P I__ ex+y e—x—y ex+2y
8 8 9

7. | solve (D*~4DD'+4D")z ="
Solution:

Hint: m=2,2

C.F=f(y+x)+ f,(y+5x)

2

P.o =2 g2
2

8. | solve (2D —5DD'+2D")z =5sin(2x + y)
Solution:
Given (2D° —5DD'+2D" )z = 5sin(2x+ y)

To find C.F

The auxiliary equation is

2m* —5m+2=0 ‘replaceD=m,D’'=1z=0
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—_— “' 2_
= b+b” —4ac herea=2,b=-5,c=2

m
2a
_ —(-5)*4/25-4(2)(2)
) 2(2)
 5+425-16 5+./9
4 4
 5+4/25-16 5+.9 53
4 4 4
5+3 5-3 1
M=—— Mm=—— = mM=2, m=—
4 4 2

TofindP.1
P.l= L 5sin(2x+Y) Type:2
~ 2D’-5DD’+2D" '
1 .
P.l= 5sin(2x+y) herea=2&b=1

2D* -5DD’ +2D"
Rule: replace D* = —(a%) = —4;D'* =—(b*) =-1& DD’ = —(ab) = -2

P.l = !
2(—4)-5(-2)+2(-1)

5sin(2x+y)

. 1_ .
Pl=———5sin(2x+Yy)==5sIn(2x +
-8+10-2 ( ) 0 ( )

X . ) . . .
=———  Bsin(2x+ Introducing xin Nr. & Diff Dr.partially w.r.to D
2D 5D o S n@x+y) - | g partially k
X D_ .
=—— x—5sin(2x+
AD-5D" D ( y)

xD )
=5————  sin(2x+
4D* -5DD’ ( )

L |CF =1 (y+2x)+ f, (y+%) . The roots are real and distinct = C.F = f,(y + mx) + f,(y + m,X)
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—SLsin(2x+y):SXD[Sin(2X+y)]
4(-4)—5(-2) ~16+10
=_i6x[2cos(2x+ y)]

P.I = %5 XC0S(2x +Y)

The general solution is

z=C.F+P.l

z=f(y+2x)+ fz(y+XEJ—gxcos(2x+y)

9. | Solve the equation (D3 +D’D’'-4DD"” —4D'3) Z =cos(2x+Y)
Solution:
Given (D°+ DD’ —4DD" —4D")z = cos(2x+ y)

Tofind C.F

The auxiliary equation is
m®*+m?—-4m—-4=0 ~replaceD=m,D’'=1,z=0
m’(m+1)—4(m+1)=0

(m+1)(m*-4)=0

~|CFE=f(y—x)+ f,(y—2x)+ f,(y+2x)

To find P.1

1
P.l= cos(2x + herea=2,b=1 (Type:2
D+ D?D'-4DD"? -4D" ( ) ( yp )

Rule: replace D* = —(a’) = —4; D" = —(b*) = -1& DD’ = —(ab) = -2




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

1

P.l= cos(2x+Y)
—-4D-4D'-4D(-1)-4(-1)D’

1
~ _4AD-4D'+4D+4D’

COS(2X+Yy)== %cos(Zx +Y)

—X
P.l =—cos(2x+
B (2x+Y)

The general solution is

z=C.F+P.

2= f(y-x)+f,(y—2x)+ f3(y+2x)—%cos(2x+y)

X ) . ] ]
P.lI = cos(2X + Introducing xin Nr. & Diff Dr.partially w.r.to D
= X cos(2x+Y) —;cos(2x+ y)
3(-4)+2(-2)-4(-) —12-4+4

10. | solve (D*~7DD"* —6D"*) z =cos(x +2y) +4
Solution:
Given (D°~7DD"” —6D")z = cos(x+2y) + 4

Tofind C.F

The auxiliary equation is

m*—7m-6=0 replaceD=m,D'=1,2=0
m=-1 1 0 -7 6
0 -1 1 6
1 -1 -6 0
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m=-1m?>-m-6=0

m=-1(m-3)(m+2)=0

~|CF=1(y=x)+ f,(y—2x)+ f,(y +3Xx)

To find P.1
P.l = ! [cos(x+2y) +4]
D®*-7DD’? -6D"
P.I=P.l +P.l,
1
P.1, = cos(x+2y) herea=1b=2 (Type:2)

D - 7DD -6D"
Rule: replace D* = —(a*) =-1;D"* = —(b*) = -4 & DD’ = —(ab) = -2

1

Pl = (DD _7D(-2)—6(2)D cos(x+2y)

cos(X+2y)

1
" _D+14D +12D’

1 D
=——————x—C0S(X+2Y)
13D +12D" D

=——>————COS(X+2
13D*+12D'D ( y)

= cos(X+2y) = M
13(~1) +12(-2) —13-24

_ —sin(x+2y)
37

P.I,

To find P.1,
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1 0x+0 0
P.l,= 4™ wre” =1 Type:l
? D°-7DD'?-6D" &

_ 1 4e0x+0y — 14

- > - e”®  Rule: ReplaceD =0,D'=0
D°-7DD” -6D’ 0

_ . X _ 4e0x+0y=14e0x+0y
3D°-7D"" -0

— X 4e0x+0y — §4e0x+0y
6D -0 0
2

=X 4
6
2x°

P, ="
> 3

2

-1 . 2X
P.l =—sin(x+2y)+—
3 (x+2y) 3

The general solution is

z=C.F+P.

2

z=f(y—x)+ f,(y—2x)+ f3(y+3x)—;—7sin(x+2y)+2%

11. | solve (D2 +3DD'—4D'2>Z = Xy +C0S(2X + )

Solution: same as previous problem
Hint:

m=-4,1
C.F = f(y—4x)+xf,(y+x)

-1 X’y x*
P.l =—cos(2x+Yy)+———
5 COS(2x+Y)+= ==

12. | solve (D*+3DD’'-4D" )z =x+siny
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Hint:
m=-41
C.F = f(y—4x)+xf,(y+x)
P.l = 52 +3DE’—4D’2 [x+sin(0x+y)]=... =X€3+Si%
13. | solve (D*~DD'-2D" )z = (2x+3y)+e”>*"
Hint:
m=-12
CF=1f(y—-x)+f,(y+2x)
P.l :5—)(3+3X—2y+ie3X+4y
6 2 35
14. | solve (D*—2DD'+ D)z = (2+4x)e*™”
Solution:
Given (D®—2DD'+ D)z = X’y%e*"”
Tofind C.F
The auxiliary equation is
m?—-2m+1=0 replaceD=m,D'=12=0
(m-)(m-1)=0
S|CF =1 (y+Xx)+xf,(y+Xx)
To find P.1
Pl=— : —— (2+4x)e*” herea=2,b=1 (Type:4)
D°-2DD'+D
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1

Plo——
(D-D)*

(2+4x) e

Rule:replaceD=D+a=D+1,D'=D'+b=D"'+2

1
(D+1-D'-2)

P.l =%

5 (2+4x)

- 1

— "2y 1 - (2+4x) = 1 > (2+4X)

[-1-D+D"] [1-(D-D)]

=" [1-(D-D')]" (2+4x)
:eX+ZY[1+2(D—D')+3(D— D)’ +...}(2+4x) (LX) =14 2+ 3 4+ A
=Xy [1+ 2D-2D'+3(D*-2DD'+ D'2)+...}(2+4x)
=e?[1+2D-2D'+3D° —6DD’ +3D" |(2+4x)

=e“?[1+2D+3D |(2+4x) - there is no'y term in RHS, neglect the term D’
=" [(2 +4X)+2D(2+4x)+3D?*(2+4x) ]

= [2+4x+2(4)+0]

Pl =" [4x+10]

The general solution is

z=C.F+P.l

z=f,(y+x)+xf,(y+x) +e*[4x+10 |

2 2
Solve % —% =e* 7V sin(2x+3y)
15.
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Solution:

2 2
Given % - % =e*7Vsin(2x +3y)

(D*-D")z=e""sin(2x+3y)

Tofind C.F

The auxiliary equation is

m’-1=0 sreplaceD=m,D'=1,2z=0

m =1=

CF=1f(y—-x)+ f,(y+Xx)

Tofind P.1

P.l :ﬁex‘ysin(2x+3y) herea=1b=-1 (Type:4)

Rule:replaceD=D+a=D+1D'=D'+b=D"-1

1

P.l=¢" > >
(D+1)*—(D'-1)

sin(2x+3y)

1
x-y
D?+2D+1-D"?+2D'-

1sin(2x+3y)

1 )
= sin(2x+3 Herea=2,b=3
D?+2D-D"?+2D’ ( )

Rule: replace D* = —(a*) = —4;D"* = —(b*) =-9& DD’ = —(ab) = -6

= 1 sin(2x+3y) =e*”’ ;sin(ZX +3y)
—4+2D—-(-9)+2D’ 2D+2D'+5

=e*’ ;xgsin(2x+3y)
2D+2D'+5 D

=" D sin(2x +3y)

2D?+2DD’ +5D
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_ev D sin(2x+3y)=¢e*"
-8-12+5D 5D-20

sin(2x+3y)

If we multiply and divide by D, we can not get the term D?,D’? term, so we take conjugate for constent term and multiplied with both Nr. & Dr.

D ><5D+20
5D-20 5D+20

— XY

sin(2x+3y)

5D%+20D .
=Y ————sin(2x+3
25D% — 400 ( )

oy 5D?sin(2x +3y)+20Dsin(2x + 3y)
25(—4)— 400

_ ey 5D cos(2x +3y)x2+20cos(2x+3y) x 2
—100-400

oy —20sin(2x +3y)+40cos(2x + 3y)
-500

X-y

pa=°
25

[sin(2x+3y)—2cos(2x +3y)]

The general solution is

z=C.F+P.

X-y

e
z=f(y=—x)+f (y+Xx) +
(y=x)+ f,(y+x) o

[sin(2x+3y)—2cos(2x+3y)]

16. | solve (D? +DD'~6D" )z = ycosx

Solution:

Given (D’ +DD'~6D" )z = ycosx

Tofind C.F

The auxiliary equation is

m’+m-6=0 replaceD=m,D'=12z=0

(m-2)(m+3)=0
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~|C.F=f(y-3x)+ f,(y+2x)| - The roots are real and distinct = C.F = f,(y+mX)+ f,(y+m,x)

To find P.1

1
P.I= D7+ DD 6D~ y COS X Type: 5

1
_(D+3D')(D—2D’)ycosx

1

ZWI(C—ZX)COSXdX ~ Rule:y=c-mx herem=2
+
- ﬁ[(c—ZX)(Sin X)—(-2)(-cosx)] - Iuvdx UV, — U, ..
+
1 i
:(D+—3D')[ysm X —2c0sX]
=(D—13D,)I[(c+3x)sin X —2C0S x]dx > Rule: y=c+mx herem=3
+
=(c+3x)(—cosx) —(3)(-sinx)—2sinx . y=C+3X

=—YyCOS X+3sin X —2sin X

|P.I =sinx—ycosx|

The general solution is

z=C.F+P.

|z = f,(y—3x)+ f,(y +2x) +sin x—ycos x

17.

Solve (D* ~5DD'+6D"*)z = ysinx
Solution:

Given (D* —5DD’+6D"” )z = ysinx
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Tofind C.F

The auxiliary equation is
m’> -5m+6=0

(m-2)(m-3)=0

~|CF=1(y+3x)+ f,(y+2x)

Tofind P.1

1
S
D?-5DD’+6D" y

P.l= inx

(D-30')(D-20) "

1
(D-3D")

I(c—2x)sin x dx

1
(D-3D)

(o-30)|

= —J'[(c—sx) cos X+ 2sin x Jdx

=—[ysinx—3cosx—2cosx |

|P.I =5cosx—ysinx

The general solution is

z=C.F+P.

[(c—2x)(—cosx) -

—ycosx—2sin x| =

=—[(c—3x)(sin x) — (-3)(~cos X) +2(~cos X) ]

wreplaceD=m,D’'=1z=0

. The roots are real and distinct = C.F = f,(y+mX)+ f,(y+m,X)

Type: 5

“~ Rule: y=c—mx herem=2

(-2)(=sinx)]

(D_—;D,)[ycosx+25inx]
“*Rule: y=c—mx herem=3

© y=c—-3X

|z = f,(y+3x)+ f,(y+2x) +5cos x—ysin x

J'uvdx =uv, —u'v, +...
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DEPARTMENT OF MATHEMATICS

UNIT |-PARTIAL DIFFERENTIAL EQUATIONS

1.5 NON HOMOGENEOUS LINEAR PDE OF SECOND AND HIGHER ORDER
WITH CONSTANT COEFFICIENTS

Non-Homogeneous Linear PDE of second and higher order with constant co-efficient:
Consider the second order non- homogeneous linear PDE

2 2 2
el Tiattia e, o f(y) —o-- (1)
2 X 8)/ 0y oy
Let the differential operator D = ﬁ &D'= 2

ox oy

() = (D*+a,DD'+a,D"” +a,D+a,D')z= f(x,y) ————— (2)
The general solution of equation (2) is
|z = complementary function+ Particular Integral=C.F+P.1|

To find complementary Function:
Case : I
The given PDE will bring into the form of (D—-mD’'-C,)(D-m,D'-C,)z=0

C.F =e"f (y+mx)+e“f,(y+m,x)
Case : Il
The given PDE will bring into the form of (D —mD’—C)?z =0

C.F =e™f,(y +mx)+xe™ f,(y + mx)
Note: Particular Integral can be obtained, similar like in Homogeneous types.

L. | solve (D?+2DD'+ D" —2D—2D') 2 = +sin(x +2y)
Solution:

Given (D2 +2DD'+D"”?-2D - 2D') e +sin(x+2y)
Tofind C.F

((D+D)*-2(D+D"))z=0

(D+D)D+D'-2)z=0 ————— 0

This is of the form
(D-mD'-C)(D-m,D'-C,)z=0-———~ (2)
Comparing (1) & (2)

m=-1C, =0m,=-1C, =2|

C.F =e"* f (y+mXx)+e“f,(y +m,x)

C.F=f(y-x)+e*f,(y—X) el =1
To find P.1
1 5 .
P.lI = e’ ysin(x+2
D?+2DD’'+ D'2—2D—2D’( ( y))
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Pl=P.l +P.,
To find P.1;
1 3
P.l, = ey Rule:replaceD =3 & D'=1 Type:l
' D?+2DD'+D'?-2D-2D' P P
— 1 e3x+y
9+6+1-6-2
P.I, _Leoe
8
Tofind P.1,
P.l, = ! sin(x+2y) herea=1b=2 type:2

D?+2DD'+D"?-2D-2D’
Rule: replace D* = —(a%*) =-1;D"* = —(b*) = -4 & DD’ = —(ab) =-2
1 . 1

P.l, = sin(x+2y) = sin(x+2
2 1+2(-2)-4-2D-2D' (x+2y) —1-4-4-2D-2D' (x+2y)

-1 D
—— x—sin(x+2
2D+2D’+9 D ( )

= _ sin(x+2
2D%+2D'*+9D ( y)

=~ sin(x+2y)=
-2-8+9D ( ¥)= 9D -10

If we multiply and divide by D, we can not get the term D?,D'? term, so we take conjugate for constent term and multiplied with both Nr. & Dr.

__-D 9D+10

9D-10 9D +10
_ -9D*-10
~ 81D%-100
_ —9D?sin(x+2y)—10Dsin(x+2y)
- —81-100

——[-9Dcos(x+2y)—-10cos(x+2y)]

sin(x+2y)

sin(x+2y)

sin(x+2y)

—181

P.1, = %[95in(x+2y)—10cos(x+2y)]

1 1 .
P.l ==e*" +_—_[9sin(x +2y)—10cos(x +2

5 Ta7Losin(x+2) (x+2y)]
The general solution is

z=C.F+P.

z=f(y—-x)+e*f,(y-—x) +%ee’X+y +%1[93in(x+2y)—1OCos(x+2y)]

SoIve(DZ—D’Z 3D+3D') ¥ 14

Solution:

Given (D*~ D -3D+3D’)z =" +4

Tofind C.F

((D+ D)YD-D")-3(D- D’)) z=0
(D-D)YD+D'-3)z=0 ————-— @

This is of the form
(D-mD'-C)(D-m,D'-C,)z=0-———- (2)

Comparing (1) & (2)
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rn]_:]'lCl:O’mZ :—1,C2 :3-

C.F =e"*f (y+mXx)+e“f,(y +m,x)

C.F=f(y+x)+e¥f,(y—x) el =1
To find P.1
1 3
P.l = e +4
DZ—D'2—3D+3D'( )
P. =P.I,+P.l,
1
Pl = e herea=3b=1 type:l
1= D?_D?_3D+3D' P
L Rule:Replace D=3,D' =1
9-1-9+3
P, = Zet
2
1
Pl = 4% herea=0,b=0 type:1l
> D?-D'?-3D+3D' P

- %4@’“"y Rule:Replace D=0,D'=0

Introduce x in Nr. and Diff. Dr. Partially w.r.to.D in the previous step
X

- 2D-0-3+0
_4x
T3
_ —4x
-3
Z%e3x+y_4_:;(

The general solution is
z=C.F+P.

0x+0y

P.1,

P.1

z=f,(y+x)+e* fz(y—x)+%e3x+y —4—;

3. | Solve (2D*~DD'-~ D" +6D+3D')z = xe’
Solution:

Given (2D2 —DD'-D" +6D+3D’)z = xe”
To find C.F
(2D*-DD'-D"”+6D+3D')z=0
(2D+D')(D-D)+3(2D+D")z=0
(2D+D')(D-D'+3)z=0

(D+%)(D—D'+3)z =0

This is of the form

(D-mD'~C)(D-m,D'~C,)z =0~~~ )
Comparing (1) & (2)
-1

?1C1=0,m2 =1,C2 =_3.

m, =
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C.F =e™f (y+mx)+e“f,(y+m,x)

CF= fl(y—§j+e‘3x f,(y+Xx) el =1
Tofind P.1
1
P.I= xe’ Type: 4
2D?>-DD’'-D"?*+6D +3D’ yp
P.1 ! xe”  herea=0,b=1

" 2D?-DD'-D'?+6D +3D'
Rule:replaceD=D+a=D+0=D; D'=D'+b=D"'+1

! X
2D?’ -D(D'+1)—(D'+1)* +6D +3(D’ +1)

1
X
2D’-DD'-D-D"?-2D'-1+6D+3D'+3
! X
2D>-DD'+5D-D"?+D'+2
1

X
2D?-DD'+5D-D"?+D’
2|1+

P.l ="

=gV

Type:3

:ey

2

[ normally we take out highest power term of D in the homogeneous type, but it is not necessary in the non-
homogeneous type]

-1
y 2 ’ N2 '
_& . 2D*-DD'+5D-D"“+D « -.-D=£,D’=£
2| 2 X oy
y_ 2 _ ’ N2 i
:% 1- 2b"-DD +§D D +DJ+..}X [neglect the terms D', since D'(x) = 0]
r
&0 @)+... x . D*(x)=0
2| 2
,r
:% x—%} - D?(x)=0
_i_Zx—S}
21 2
y
P.I :%[2x—5]

The general solution is
z=C.F+P.

y
z=f,(y+x)+e* f2(y—x)+%[2x—5]
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DEPARTMENT OF MATHEMATICS
UNIT 11 -FOURIER SERIES

2.1 INTRODUTION OF FOURIER SERIES

A Fourier series of a periodic function consists of a sum of sine and cosine terms. Sines and
cosines are the most fundamental periodic functions.The Fourier series is named after the
French Mathematician and Physicist Jacques Fourier (1768 —1830). Fourier series has its

application in problems pertaining to Heat conduction, acoustics, etc. The subject matter may be
divided into the following sub topics.

‘ FOURIER SERIES \

A4 v \ 4 4

Series with Half-range series Complex series Harmonic Analysis
arbitrary period

Convergence of Fourier Series:

» At a continuous point x = a, Fourier series converges to f(a)

» Atend point c or c+2l in (c, c+2l), Fourier series converges to

f(c)+f(c+20)
2

f(a-)+f(a+)

» At adiscontinuous point x = a, Fourier series converges to 5
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Fourier series in an interval of length 2/

f(x —°+ acos—+b nmj
)= Z( i ‘

n=1

Fourier series of f(x) in (0,2¢) Fourier series of f(x) in (—¢,¢)
\4 \ 4
f(x) _70 i (a c037x+b sin %) f(x) —ﬁ i[a COS—+b sin %j
1 20 B 1 4
ao—z!:f(x)dx a, Z:Ef(x)dx
1% n7mX 1 é
a, :ZE.: (x) CcOoS—— dXx a, _Z'[( (X) cos——dx
1 20 1 4
b, == |f(x)sin ——dx b, == f(x)sm—dx
=7 100 J
Even Function Odd Function

f(x):%%i(ancos%j f(x)= Z(b Slnm)

n=1

2 4
a, :zgf(x)dx a, =0
a, =
a :zj'f(x) cos?™X x 2 in X
"= , b, :zj.f(x) sdex

b, =0




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Fourier series in the Interval of length 2n

f (x) =a7°+i(an cosnx + b, sin nx)

Fourier Series of f(x) in (0,21)

A 4

Fourier Series of f(x) in (-7, x)

0

f(x) = 20 +> (a, cosnx +b, sin nx)

n=1

a, :—jf(x)dx
T 0

a, =— _ff(x) cosnxdx
T

271
b, :ljf(x)sin nxdx
7T

v

Even Function

f(x) = —° i (a, cosnx + b, sin nx)
n=1

a, =;_J;f(x)dx

a, = 1 If (x) cosnxdx
TC—TE

b, =1J‘f(x)sin nxdx
TC—TL‘

Odd Function

l

f(x) _—°+Z a, Cosnx)
n=1

a0=;£f(x)dx

a, =3If(x) cosnx dx
TEO

b, =0

f(x) = f:(bn sin nx)
n=1

a,=0

a,=0

b, =3jf(x) sin nx dx
TEO
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Half Range Fourier series

Fourier Cosine Series | Fourier Sine Series

l

f(x)= +Z(a cos—j _ w( @j
f(x) =Y | b,sin ;

aozéjf(x)dx
0

{
a, =%jf(x) cosn%x dx
0

Convergence of Fourier Cosine series:

» At a continuous point X = a, Fourier cosine series converges to f(a).
» Atend point 0 in(0,l), Fourier cosine series converges to f(0+)
> Atend point | in(0,1), Fourier cosine series converges to f(l-)

Convergence of Fourier Sine series:

» At a continuous point X = a, Fourier Sine series converges to f(a).
» At both end points Fourier Sine series converges to 0.

Harmonic Analysis:

w1 [mve()
a0=2|: N :|’ an=2 14 ) bn:2

N N

Parseval’s Theorem:

If f(x)_—0 i

(a cos X +bnsin n%xJ is the Fourier series of f(x) in (c, c+2I),
=1

n
2 c+2/¢

lZ( +b,?) (Or) _[[f(x)] dx =20, = Z(a +b,?)
n=1

Then =
y 4 4 " 2
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Root Mean Square Value:

Vz is the effective value (or) Root Mean square (RMS) value of the function y = (x), which is
given by

c+2/¢

| I 0017 dx

Y= 20

Some Important Results:

Sin nzt =0 for all integer values of n

. Cos nn= (-1)" for all integer values of n

1
2
3. Cos2nr=1 for all integer values of n
4. Sin2nzw = 0 for all integer values of n
5

If f(—x ) =f( x) then f(x) is even and If f( —x ) = — f( x ) then f( x ) is odd.

6. f(x) = {(Pl(x) (=£.0) is even if either @ (—X) = @, (X) or @5 (—X) = 1 (X)
¢o(X) (0,0)
7.f(x) = {ilz(())(()) ((;22) is odd if either @; (—X) = —@, (X) or @, (—x) = —@;(X)
X, x>0

8.|x| :{

-X, x<0

ax X )

9. [e™ cosbxdx = peanrl [acos bx + bsin bx]

ax

10. [e™ sin bxdx =e—2[asin bx —b cos bx]

a?+b
11. Iudv =uv, —u'v, +u’v, —........ Where
, du , d?u
u =i’ u” = s v, :_[dv, vV, :J'vldx, V, :Ivzdx ...........
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DEPARTMENT OF MATHEMATICS
UNIT - II : FOURIER SERIES

2.2 GENERAL FORM OF FOURIER SERIES
PART A
1. State Dirichlet’s conditions for the existence of Fourier series of f(x) in the interval (0,27) .

A function f(x) can be expanded as a Fourier series in the interval (0,27) if the following conditions are
satisfied.
(i) f(x) is periodic, single valued and finite in (0,27)
(i) f(x) has only finite number of finite discontinuities and no infinite discontinuities in (0,27) .
(iii) f(x) has only finite number of maxima and minimain (0,27)
2. Does f(x)=tan x possess a Fourier expansion?

Solution:

sin X

tan x does not possess a Fourier expansion because the function f(Xx) =tan x = has the infinite
COS X

discontinuity at the point X = % .

3. Determine the value of a, & a,in the Fourier series expansion of f (X) = X*in-—r<x<rx
Solution:
f(x) =x*= f(=x) =(-x)* =—x® =—f (x)= f (x) is an odd function .. a, =a,=0

4.  Find the Fourier constant b, for x sin Xin—z < x < 7, when expressed as a Fourier series.
Solution:
f(xX)=xsinx, —7z<x<rx
f (—x) = (=x)sin(—x) = xsin x = f(x)
~ f(x) isaneven function ..b, =0

5. Find the constant term of the Fourier series for the function f(x) = x?, - 2< x <z
Solution:

f(x)=(%)"=x"=1(x)
~.f(x) is an even function
_UL-LL 7 —(-x) _2r

| =7
2 2 2
| n 37" 3 3 2
aozgjf(x)dngszdng X _2\m |2 _ 2
Iy Ty | 3 s T 3 3n 3
a, nx°

. Constantterm= — =—
2 3

6. Find the root mean square value of the function f(x) = x in (0,)

N T 1, el o
RMS value = yz\/m'{[[f(x)] dx=\/m'([x dx = T[?Lz it R

7. What do you mean by Harmonic analysis ?
The process of finding the harmonics in the Fourier series expansion of a function numerically is known as
harmonic analysis.




JAI RUBAA COLLEGE OF ENG NEERI NG TI RUPPUR
8. Find the constant term in the expression of cos® x as a Fourier series in the interval (—z,7) .

Solution:
1er 1 ¢ (1+C0S2X 1 sin2k | 1 27
=—| cos‘ xdx==— = T ldx=—]| x+ =— (D)= (=1) =22 =1
% JILT ﬂj”( 2 j 271{ 2 lﬂao 27r[( )( )] 27
..Constant term = i:1
2 2
PART B

1, Y
Find the Fourier series f (x) (”—ij in 0 < X < 27. Hence show that

() _+i+i+ —7[_2 (") i_i i_i —72-_2
o7 Fag T . F et g o
Solutlon.
r-xY 1 1
Givenf (x) = =—(7r—x)2=—(7z2—27rx+x2),0<x<27r
2 4 4
°° nmx < . nnX
General Fourier is T (X) =2 + D a,cos—+ > b sin—
2 A= I | 14
Here /— Upper Limit — Lower L|m|t=2n—0 :Ez Ve m
2 2 2
f(x):ﬁ+z a,coshx+ Y b sinnx  |-————- )
2 = n=1
ToFind ao:
/€ ﬂ' T
1
== | f(x)dx == — 27X+ X )dx=— 227X+ x*)dx
R
3
_ i 27zx x_ _ 1 o0® _An® 4 87° _(0)
4 3 47r 3

z:—[ }= AER

7Z'
ao—_
To Find a,

12ﬂ 127r1 , , 1 2z , ,
a :ZI f(x)cosnxdx:zlz(z — 27X + x* )cosnx dx :El (7% — 2zx + x*)cosnx dx

2z

1 HTNX —CoSsnx —Si

:E{(nz P ) (27 + 24 (n—j+ ()22 }

2

2

i{i( —27 + 2x)cosnx}
Az

0

= 1n2 [ (27 cos2nz ) - (—27 cos0) |
T

rcos2nr =1 & cosO0=1

4mn’
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1
a —F
To find bp:

21
bn:%jf(x)sin@dx
0

2z 2

1% - _1%1, 2\ e 15, 2\ i
_A f (x)sinnxdx= . ! 4(7z 27X+ x*)sinnxdx _4ﬂ£ (7* —27x+ x* )sin nx dx

:i{(ﬂz_&zx”z)(@j‘(‘z“ s +(2)(Cossnxﬂh

n
0

r 2
=—| — (7" — 27X+ X*)cosnx +—-cosnx
4| n n o

_1 (_—1(%2 —4r? +4772)C082n77+%COSZWZ)—(_—]'EZ cosO+%cosOﬂ
Arr | n n

n n
1 (-2 -7 2 2
= | — _ - —
A7\ n n n n
b =0

Substitute a,,a_,b in(2)

72_2 0 1 o0 )
f(X)=—+ ——CcoShx + 0 sin nx
() 12 n® Z

n=1 n=1

2 00

T 1
fF(X)=—+ —Ccosnx |—————— 2
(X) 17 nZ ~ (2)

=1

Deduction:
(i) Let x=0 be apoint of discontinuity

2 &1 fO)+f@r) 4 a4 <4 =
2 f(0O)=—+ » —cosO0 - f(0)= = = =
(@)= 10 12 n; n’ © 2 4

a4 1

_:_+ —_

4 12 nZ::an

2 ot &1

Y

4 12 #=in

4ﬂ2_ii

48 = n?

il_ﬁz 11,1 o
207 gtz g T 5

1
ii) Let x = be a point of continuity

2 00 2 2
f(ﬁ)zf—z+n:lnizcosn7z -.-f(x)z(ﬂng :>f(0)=(”;”] =0
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0_7[2 0 (_1)n
12 &= n
NG
12 &= n?
I O S S
12 12 22 3 &
N S SO S
1?22 F 4 12
2. . o _ _ l-x , 0<x<I
Obtain the Fourier series for f(x) of period 2l and defined as follows f (X) = 0 | < 2I.Hence
I <x<
deducethat(l)1—1+1—l+...:Z (i) l+i2+i2+i2+...:ﬁ—
3 5 7 3 5 7 8
nzX nzX
Solution: General Fourier is f(x)_i+z a, cos—+z b, sin—
2 n=1 g n=1
Here/— Upperlelt—Lowerleltzl—(—I) =2_I=| e
2 2 2
To find ao

0

]S

12£ 1 V4 2/
a0=zj f(x) dx=z{j(€x)dx+‘£0dx}

-/

l l n
—_— [cosnz —cos0 |= nz—ﬁz[l— (-D)" ]

20
a = nzﬂ_z’
0 ,n=246,..

n=13,5,...

0 20
=—j f(x)sm@dx_ Z{j(ﬂ—x)sin%dx+ [ 0dx
0 0
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Substitute a,,a_,b, in(l)

f(x)——+ Z

nﬂx+2—sm—

n=135
26 - 1 nX nX
f(x)_— — —osi —Z—sm—”
n=1,3,5... n’ T n=1
Deduction:
i) Let x=2¢/2 be a point of continuity
o0 o0
@=t(12)=2+2L Y Leost Ly LgphZ
4 N=135 2 mho
SIS L S gt
2 4 7z \Emsn? 2 rmhi=n 2
Lt ﬁzlsinn—” cos2Z =0 if n isodd
2 &’ 2 2
¢ 011
ol SsinZ s Zsinz+=sinZ 4
4 zl1” 2
r 1 1 1 LT . 3
Z=2M+=(0)+= (=D + ssin—=1;sin—=
p 1() (0) 3( ) > 5
1117
3 5 7 4

| -

1
CoSNzT+— Z—smnﬂ
=

X, 0<x<3

Find the Fourier series expansion of f(x)=
6-—Xx, 3<x<6

| —
= £ (X) :{0

= f(l)=1-1=0

5

-1; sin—7Z =1;sin7—” =-1 etc.
2 2

X , 0<x<lI
J<x<2

and hence find the value



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

1 1 1
of1—2+3—2+5—2+ .......
Solution:
X, 0<x<3
Given f(x)=
6-X, 3<x<6
& nTx <« . NxX
General Fourier isf(X)Zi-i'z a, COS—+Z b, sin —
2 n=1 { n=1 b4
Here / Upper Limit — Lower L|m|t:6—0 _3 . _3
2 2
8, - X ~ _ Nnax
f(x)=—=+)» a,cos—+ » b sin— —————— @)

12€ 16 1 3 6
a, :Zl f (x) dx :§£f(x)dx:gh‘xdx+£(6—x)dx}

1% Nz X
a == | f(x)cos——dx
) A (x) ’

6
1jf(x)cos@dx
3% 3

3 6
L jxcos@dm [(6- x)cos X dx
3 0 3 3 3

9 {[ n;sz [
=———4|cos—= | —|cos
3n‘r 3 1

_3 {[cosnz —cos0] - [cos2nz —cosnz ]}

n’z’
3 3 . 6 n
_ nz—ﬂz[cos nz —1-1+cosnr |= o [2(-1)" -2 = o (D" -1]

6 [-2, n=135,..
n’72] 0, n=2,46,.
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-12

2 2!

a =Nnrx
0, n=2,4,6,...

n=13,5,..

3 6
:_J. f(x)sm—dx :_If(X)S'n—dX— [Ixsin%dx+f(6—x)sinnlsxdx}
0 3

-

1] -3 nzX nzx |
==4J| — XCOS—— —(6 X) COS——
3|Lnx 3 |, Lnw 3 |

= anz {[3cosnz —0]+[0-3cosnz |} = %[3COS nz —3cosnz|

“|b,=0
Substitute a,,a_,b, in (1)

2_2
n=13,5 nz n=1
3 12& 1 Nz X
f()==-=33 Scos—— |-————- (2)
2 70N 3
Deduction:
Let x =0 be a point of continuity
2 X, 0<x<3
f(0) = 3 122 > 1coso f(x)=
2 =z nSmes N 6-x, 3<x<6

Lo 32§ L
2 ”nlssn

12 & 1
=2
D S N
n:135n2 ? ¥ 5 8
4. _ _ _ 1 1 1 7
Find the Fourier series for f(x)=|x|in —z <X < 7 and deduce that1—2+3—2+5—2+ ............. =35
Solution:

Given f(x)=|x, —z<x<x

Upper Limit —Lower Limit _n—(-n) _2rn
2 22

Now, f(—x)=|-x|=|x=f(x)

. f(x) is an even function.

Here /=
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0

f(x) =i+ a, cos%
n=1
f(x):a—2°+zl“ancosnx ————— 1) | =7

To Find ao:

2 | 2% 2%
a, :I—!; f(x) dx:;£|x| dx:;!;x dx

(XY 20, o
) e

To Find an:

2 nzx 27 27
a, _Tl‘ f(X) cosl—dx_;_([|x|cosnxdx_;_([xcosnxdx
:E_(x) si _(1)(—cosnxj ’
| n n’

0
F 1 .
(—2] COS NX }
n 0

%)[ cosnz —cos0 |

2
n’

[D-1)

. ifn=135,..

a, =4 7zn
0, if n=2,4,6,...

Deduction:

Let x =0 be a point of continuity
T 4 &1
2) = f(0)==—— —-co0s0

n-135.. N

23 ()= = 1(0)=0
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1 1 7’
Mttt = —

3 5 8
5. Find the Fourier series for f(x) = x? in —z < X < 7 and deduce that

(@) 1+i+—+...:—.

(b) F-—5+25=—

© —+—t=g.. =2
Solution:
Given f (X)=X2, —-T<X<r1
Upper Limit — Lower Limit _n—(-m) _2m _
2 2 2
Now, f(—x)=x*=(-x)*=x"=f(x)

. f(x) is an even function.

Here /=

~b =0
e8]
f(x):i+ ancosm
2 A {
.'.f(x):%+2ancosnx ————— QN l=x
1
ToFind ao:
2 2% 2[x ] 2 27
=2 [ f(x)dx==|x°dx==|=—| =—|7°-0|=—"—
% |£() ﬂl 7Z'|:3:|0 w7 0=
° 3
To find an:

| e
a, :gj'f(x)cos@dx:gjx2 COS nx dx
I I T

-2 (o (o) 22 |

n n
0

2L ]
=—| | = |Xcosnx
z| \n .
=——(zcosnz —0)
an:4(;21)
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f(x):%2+4i (—nlz)“ COSNX |——————— (2)

Deduction: a
Let x = be a point of continuity

@ = 1(r)=2+43 Doosz

2 o ( N\N(_1\"
= ;z2=%+42—( 1>n§ D ()= = f(r) =77
n=1
2 2n
2 T - (=1)
= -—=4
" 3 nzzlz n?
270 &1 2
=) = (=D =1
12 gnz D
1 2
1+ 22+3—2+ _f
Deduction: b

Let x =0 be a point of continuity

@ = f(0)=%2+4i (;21) cos0

= 0=Z gy Y 2 F(X) =X = £(0)=0

1 1 1 x

TR E R
I R
7 22 3F 12
Deduction: ¢

By Parsevals identity for Fourier series,

2[( = o7t &l ”
;{ %)-(O)} Z +16 = ()2 =1
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27t 2xt 21
_ =165 —
5 9 Z‘n“
1 1 21
27t = -2 =1 —
( 9] nZ:;n“
s S
27 ><—:162:—4
n-1 N
8r* =1
45><16_Z‘n4
z* =1
90_;#‘
Z___+i 1.7
~n 2¢ 3 7 90
Obtain the Fourier series of f () = x + x? in—z < X < . Hence show that
6.
1 7201 1 1 7l
i — =)=+ —=—...=—
)lenz 6 )12 2?2 3? 12
Solution:

Given f (x)=x+x2in —r<X<r

Upper Limit — Lower Limit _ n—(-m) _2n _

Here /= = = l=7
2 2 2
Now, f(—X)=-Xx+(-x)’
=—x+x" = f(X)
=—(x—x*)=—f(X)
f(—x);t f(x) & f(—x)=-f(x)
. f(x) is Neithereven Nor odd function.
nm nnx
General Fourier is f(X)—%+ Z a, C037+ Z b, sin— T
n=1 =1
.'.f(x)=—+Zancosnx+ansinnx —————— @) l=mn
2 n=1 n=1
To Find ao:
1] 17 , 1[x> x®
ao ZzJ-I f(X) dX =;J;(X+X )dX=;{?+?:|”
1|(~* = zt 1}:2/723;2/713 1|27°
== =—+—= |- =-=|}== e e e
r|\L2 3 2 3 r|/2 3 /2 3 7| 3
a _27r2
° 3
To Find an:

:%II f(x)cos@ dx = 71r T(x+x2)cos nxdx

-
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1 S| —COoS NX Si ’
an:—{(x+x2 - —(1+2x)( ~ j+(2) - }

T

= %K%J(H 2X) cosnx }:

_ iz{[ (1+27) cosnrr — |-[ (1-27) cos(-nx) |}

zn

::-]2 |:(_1)n (/1/ + 27— /1/ + 272'):| -+ c08(=N7) = cosnz = (~1)°

To Find bp:

1 nzX
:g_[f(x)sm—dx

V4

_1 I (x+x2)sin nx dx

ﬂ-—zz
al ,\( —COSNX —si cosnx) |’
=—|(X+X —(1+2x +(2
b ) 22 ez (S 2 |
1[(-1 2 i )
== —= x+x cosnx+ — |cosnx "+ cos(—nx) =cosnz = (-1)
x|l \n n B
1 1 2 1 ) 2
= F (7 +7*)cosnz +| = |cosnz |—| | — ( 7T+ 77 )cosnz + = cos(—nr)
7Z'
s O %ﬂ”
R -+
r n /n
=
b, ===(-1y
Q= f(x % i cosnx+z (nl) sinnx
1
2 o (__ n o [ _ n
f (X) =ﬂ—+42@cosnx—22ﬂsin nx| ————-— (2)
3 — n ~ n
Deduction: 1

Let X= be the point of discontinuity
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2= f( =3 +4Z cosnz— 2 (- sinnz
n
= =7[_2+4ii ()= XK = () = f(—7z)+ f(7) =—7z+;z2+7z+7z2 27
3 — n’ 2 2 2
2 o0
> T 1
nt-——=4) —
3 lenz
278 &1
3><4_§1:n2
i~
—n’ 6
Deduction: 2
Let x=0 be the point of continuity
0 (_1 n -
2= f( 42 cosO— 2 sin0

f(x)=x+x*= f(0)=0

3 n
7° {1 1 1 }
A/
3 12 22 3
111 7
12 22 3 12

. . . . TtX,
7. Find the Fourier series expansion of f (x) where f (X) = {
- X,

—~(2n-1° 8

Solution:

. n+x, -t<x<0
Givenf(x) =
n-X, 0<x<n
Here/— Upper Limit — Lower lelt:n—(—n) :2_7::
2 2 2
f.(x), w<x
Let £(x)= |1
f,(x), 0<x<nmu
Where
fL(X)=7+x f,(x)=7r—x

f,(—x)=7—x="1,(x) f,(—x) =7+ x= f,(X)

- f(x)is aneven function.

f (X) =%+ D a, cos%
n=1

g f(x)=%+§jzan COS NX

<x<m

1
a

<0
and hence deduce that
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To Find ao:

2% 2%
aO:;!;(zz—x) dx:zlx dx

- u=r]

To Find an:

|
a :I}J‘ f(x)cos@dx

n
—l

:Ej(zz—x)cosnxdx
i S —CoSnx i

= - —(=1)| =—=2=2
(o0 [ H

A

cosnz —cos0 |

alm

alm

- n? [ (=1 _1:|

4

21

a =<7Nn
0, ifn=2,4,6,...
A4

2
n-135.. N 7T

if n=1,3,5,...

COS NX

1
2

n=135.. N

COSNX | ——————— (2)

Deduction:
Let x =0 be a point of continuity

(2) = f(0)= ot icosO
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. . . . 1+, -n<
8.  Determine the Fourier series expansion of f (x) where f (x) = 14 0<x<
X, <X<nm

Solution:
-1+x, w<x<0
Givenf (x) = mex
1+x, O0<x<m
Here/— Upper Limit — Lower lelt:n—(—n) _2n_ P
2 2 2
f.(xX), w<x<0
Let f(x)= |1
f,(x), 0<x<m
Where
f,(X)=-1+x f,(x)=1+x
fi(—xX)=-1-x=—1+x)=—f,(x) f,(—x) =1-Xx=—(-1+x) =—Tf,(X)

- f(x)is anodd function.
- . NzX
f(x)=)> b, sin—

(x) Z nsin=

To Find bp:

| n
b, :}J‘ f(x)sin@dx:g_[(H X) sin nxdx
I | Ty

(e =22 @ 2] |

n n
0

_(#j(u X)cos an

3N

2

T
—2

=—[ @+ z)cosnz — (1+0)cosO |
nz

-2 )
:E[ (L+m)(-D)"-1]

2 '
b, =E[l—(1+7r)(—l) ]

S (0=

n=1

[ 1=+ 7)(=D)" Jsinnx

S |~

8

f(x)=2

S© o 0, t<x<0
Find the Fourier series for f (x) where f (X )= .
1, O0<x<1

l%[l—(lwz)(—l)“]sin nx

n

Solution:

<0
with f(x+27) = f(x).
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0, -1<x<0

Givenf(x):{:L 0cx <l

Here /— Upperlelt—Lowerleltzl—(—l) :zzl L1
2 2 2
f.(x), -1<x<0
Let £(x) = 1
f,(x), 0<x<1
Where
f,(x)=0 f,(x) =1
fi(—x) =0 f,(x) fo(—=x) =1= f,(x)
f(=x)=0=-f,(x) fo(=x) =1=-1,(x)
. f(x)is Neither even Nor odd function.
= X < . NmX
General Fourier is f (X) S Z a,C0s——+ Z b, sin—
A = =] l
ao 0 o0
L f(X)==+) a,cosnnx+ Y b sinnnx  |-————- @ -1=1
2 n=1 n=1
To Find ao:

| 1 0 1
a, Z%I. f(x)dx:%f f(9 dx = [0dx-+ Jade=[x], =1-0=1

-1

T, =1
To Find an:
|
a, :}_[ f(x)cos@dx
I I
1
:%J' f (x) cos 22X g
1Y 1
0 1

= IO dx+jlcosn7rx dx
-1 0

. 1
| sinnzx
nr o |

=[sinnz—sin0]=0

To Find bn:

n7zX
—adx

1 .
b, =Ii[| f(x)sin I

17 . hxX
==| f(x)sin——dx
1£ ) 1

0 1

=IO dx+'[13in nzx dx

-1 0

1
| —cosnzx
T,
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10.

= _—1[cos n;rx]z

Nz

=——[cosnz —cos O];

14
1 B n
=—|1-(-1
—|1-(-1)'|
2 .
—, if n=13,5,...
b ={nn if n
0, if n=2,4,6....

@)= f(x) =%+g%sin nzX.

f(x)= %+%2%sin nzX

Find the Fourier series for f(X) = ‘COS X‘ in the interval (-mt,).
Solution:
Given f(x)=|cosx|, —zr<x<z
Upper Limit —Lower Limit _ n—(-n) _2rn
2 2 2
Now, f (—x)=|cos(—x)|=|cosX|= f (x)

Here/=

. T(x) is an even function.

n=1
f(x):a—2°+iancosnx ————— @) l=x
1
To find ao:
2|
aO:T_([f(x)dx
271'
. d
”£|cosx| X
2_7r/2 V3 COS X, 0<X<z
== .[cosxdx+.[—cosxdx} .+ |cos | =
T
L0 72 —COSX, —< X<
2
2_ . l2 . T
= 2 [(sinx);” - (sinx)’, ]
20 .~ . . . T 2
:;_(sma—mnoj—(smn—smaﬂ:;(1—(—1))
] 4
. ao :;

To find an:
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= J'f(x)cos—dx_—J'f(x)cosnxdx
0
a = —_[|cos x| cos nxdx
v
zl2

zl2
a,= [ I COS X COS nxadx + I —CO0S X COS nxdx}

2 7l2 T
a, = I COS NX coS Xdx — I COS NX COS Xdx
7l2

cos AcosB = %[cos(A+ B)+cos(A—B)] Here A=nx B=x

a = %W%[COSU‘ +1)x+cos(n—1)x]dx — _T %[cos(n +1)x+cos(n—1)x] dx}

0 7l2
1 71'/21 Vd
=_L[ E[cos(n +1)x+cos(n —1)x]dx — j [cos(n +1)x+ cos(n—l)x]dx}
74 0 wl2
1 [sin(n +1)x+sin(n—1)xrz _[sin(n +1)x+sin(n—1)x}”
T n+1 n-1 |, n+1 n-1 1,
5in(n+l)E sin(n—l)z sin(n+1)z sin(n—l)z
_1 2 2 [_oy -1 0y 2 2
= + (0) (0) +
/4 n+1 n-1 T n+1 n-1
nx T . nxz nxz T
sin | sinf —-==| sin| —+>| sin| —==
[ olFg) (55 el s (F )
/2 n+1 n-1 n+1 n-1

sin(A+ B) =sin Acos B +cos Asin B

. nzx T . Nxr T nec . « nzx T . T
sSin| —+— |=Sin—Cc0S—+Cc0S—sSIN—=c0S— ‘- c0s—=0&sin—=1
2 2 2 2 2 2 2 2

. nx T . Nxr T Nt . «@ Nz T . T
sin| — —— |=sin—c0S——-Cc0S—SIin—=—-Cc0S— "~ c0S—=0&sih—=1
2 2 2 2 2 2 2 2 2

nz nzx nz nxz
COS— COS—— COS—— COoS—

— 2 2., "2 "2
7| n+1 n-1 n+1 n-1

2 nz( 1 1
—Cc0S—| —— ——
T 2\n+1 n-1
2 nz( n-1-n-1
—C0S—| ——
Vd 2 \(n+Y(n-1)

2 Nz -2
a,=—C0S—| ———
Vs 2 \ (n"-1)
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a, :+4cosn—” , Provided n=1
z(n“-1) 2

When n=1

a = E.ﬂcos x| cos xdx

[ zl2
_[ COS X c0s xdx + I —COS X COS xdx}
7l2

zl2

L 7l2
_ { 1+c052x dx _J-(1+c052xjdx}
7[ 7l2
1 ( 5|n2x 72 [ sin2xj”
== X +
T 2 7l2

s 2ol 22 %]

2

72-_

2 712

= Icos xdx—Icos xdx}
2 l2
ATz
“’ 1+cos2x)dx — T (1+c052x)dx}
0

—4 COS — COS nx
D2

z(n?

g f(x):——4z 1 cos™® cosnx
r x5 (n*-1) 2
11. Find the half range Fourier sine series for f (x) =x(z —X) in the interval (0, ) and deduce that

1 1 1 1
FFE T
Solution:

Given f(X)=x(r—x)=7x-x*, (0,7)

— +...00

7TX

n
- General Fourier is T (X) = z b, sin—— .
n=1

Here = Upper Limit — Lower Limit=n—0=n .. (==
o 6]

f()=> bsinnx ————- Q)
n=1

To Find by:

=—jf(x)sm%dx

X
:ij(ﬁ— X)sin nx dx
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5!
:—j(ﬂx x?)sin nx dx

{W (r- o )

=— ——3cosnx
AN 0

zn

8
b, =4 7n
0, ifn=2/46,..

if n=135,...

3 ]

The required Fourier sine series be
e}

W= f= ), %sinnx
n=135.. 7

f(x) _§ Z —sm X ————— (2)

=13
Deductlon.

Let x =% be a point of continuity.

(Z)Sf[%jzﬁ i igsm[n%j ".f(x):x(ﬂ-_x):f(zjz%z_%zzzﬂ.z_ﬂ.z

T n=135. N 2 4

j_ﬂ_z
4

Y
|N
I

N |oo
s
A
[ 25
>
7\
N|§
N——
Y
Py
NN

. . . . 1 1 1
12.  Find the half — range cosine series for f (x) = (x — 1)?in (0, 1). Hence show that Tz + > + ? +..

Solution:

Given:

Here ¢= Upper Limit — Lower Limit=1-0=1 sor=1
8

& NmX
Let the cosine series be T (X) = > + z a, COST
n=1
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(e 0]
f()=2+3 acosnex “ol=l-———— Q)
2 =
ToFindao:
! 1 3 2 L
aozzjf(x) dx—zj x? —2x+1 dx=2| X 2% 4« :2(1—1+1J:g
I 1O 3 2 0 3 3
2
aO=§
To Find ax:
1
a, = ZI(x2 — 2X +1) cos nzrxdx
0
- A 1
— 2| (@ —2x2 X —(2x—2)(_cozsnzﬂxj+(2) slnn3 }
i Nz n“z T 0
— 1 1
=2 ( 5 2)(2x—2)cosn7zx}
\nz 0
2
== [(0)—(-2cos0) ]
4
an:nzﬂz
2/3 & 4
D= f + CoS Nz X
() ( ) 2 ;nZﬂ_Z 4
1 4 &1
I f(xX)==4+— ) —cosnzx| ————(2
(X)=5+ 27 2o c0sne (2)
Deduction:
Let x=0bea point of discontinuity
(2 = f(0 2Z—coso
1 1 4&1 fO+f@Q 1+0 1
=="t+—> = f(x)=(x-1?= f(0)= = ==
2 3 7z2nz=1“n2 () ( ) () 2 2 2
11 4&1
S>-———=—=) =
2 3 ﬁzgnz
1 780 &1
= —X—=) —
6 4 nzzl“n2
-1 1 1 1 7’
=>|) Ss=s+=+=+..=—
nZ;nz i 24
. . . . ) 1 1
13. FmdtheFourlercosmeserlesforx(;z—x)ln 0 < X < 7 .Hence show that — 4+3—+ =
Solution:
Given:

Let f(X)=x(r—X), O0<X<m

f(X)=mx—x




JAI RUBAA COLLEGE OF ENG NEERI NG TI RUPPUR
Here ¢ = Upper Limit — Lower Limit= -0 ==« SLl=7

& nmx
Let the cosine series be f (X) = % + Z a, COST
n=

1

f(x)=%+iancosnx cl=r————- @

n=1
To Find ag:

2 ¢ 27 ) 2[zx2 x*T 2[(~ =°
aozzgf(x) dx:;g(ﬂx—x)dx: { > —?} :;K———j—(m]

z
23 2] _2[#]_#
T 6 7| 6 3

o
3
To Find an:

1
a = 2.|‘(x2 — 2X +1) cos nzxdx
0

27 2
a, =—I(7Z'X—X )cosnx dx
7[0

zg_(ﬂx-z iATX -(ﬂ-zx)(‘coir‘x}(-z —sin }

n

2]

0

2 27
=—[-7cosnz—7cos0]=—
n n

[(—1)" +1]

Deduction:
Let the Parseval’s identity for Fourier cosine series be

2| 9 aZ 0
2Tt dx = 2o 2
I![ (x)] x== +nzz;an
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5 5 5 4 o 0 )
2Z_Z 2 ) )| =% +16 14 S lzzi
T 3 2 5 18 n=1 (2n) n=2,4,6,.. n n=1 2n
2_”5(1_1 l)_”_4+E°°i
7 \3 2 5 18 16%n*

10-15+6) ¢ &1
ot HIHD) Ty 2

( 30 j 1 §n4
£t e
15 18 “n*

i 1,11, =
n* 1* 2 3 77 90

n=1

Find the cosine series for f (x) = x in (0, 77 ) and then using Parseval’s theorem, show that
14. 4

1 + 1 + 1 fo.=Z
1* 3 5* 77 96
Solution:
Given:
Let f(X)=X%, O<x<m
Here ¢ = Upper Limit — Lower Limit = -0 =t s l=7
< nmX
Let the cosine series be T (X) = %, a,cos——
2 h= 4
ao 0]
f(x)=—=+> a,cosnn cl=m
2 a3
ToFindao:

To Find an:

0 z
a, :g_[f(x)cosmdx:g.[xcosnx dx
Iz | Ty

2] pof o)
:(nizj COos nX:|:

= %[cos nz —cos0]
T

2
T

2

R

nrz
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_—4, if n=1,3,5,...
T

n
0, if Nn=2,4,6,...

Deduction:
Let the Parseval’s identity for Fourier cosine series be

2| ) aZ ©
(T 1 dx = -2 2
|,([|: (X):I X 2 +§a“

T 2 0 _ 2
a2 3 (2]
Ty 2 s \N°7

3\” 2 ©
A5 =5+ 2
7\ 3 ), 2 ,izs.7n

2 [ 4 7 16 & 1
—(7°-0)=—+— —
372'( ) 2 7[2 n=§5 n4

T T =1
Ry
1+1+i+ oo—”—4
14 3 5t 7T 96

15. Find the complex form of the Fourier series of f(x) =cosax in (-, 7),where ais not an integer.
Solution:
Given f(x)=cosax in (-z,x)

Upper Limit —LowerLimit n—(-n) 2n

Here/= l=7
2 2 2
Let the complex form of the Fourier series be
f(x)=>C, e’
f(X):ZCn e'nx cl=r
1 R i
C.=—|f(xX)e dx=—| f(x)e"™dx
=) T 2 ) 100
l A —inx
C, :—jcosaxe dx
2 7
°.°'feax cosbxdx:f—bz[acosbx+bsinbx] Here a=—in & b=a
a“+

_1 L(—incosax+asinax) ”
27 |((in)*-a’) )
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— L [e‘i“” (~incos az +asinar)—e™ (~incosax —asin aﬂ)]
Z;r(a2 - n2)

e" =cosnz +isinnz=cosnz=(-1)"  and e =cosnz —isinnzr=cosnz =(-1)" --sinnz=0

_ 1

m[(—l)” [-incos az +asinaz +incosaz +asin a;;]]

1 N .
m[(—l) (2asin an)]

_ (-1)"asinar
Co= 7(a*—n?)

. f(x):asinafzi (-1)"

- 2

16.  Find complex form of the Fourier series of the function f (x) =e ", -1<x<1
Solution:
Given f(x)=e™ -1<x<1
Here /— Upper Limit — Lower Limit :1—(—1) :3:1 e
2 2 2
Let the complex form of the Fourier series be

inzx

f(x)=§;oCn el

f(x)= > C, e =1

1 | _inzx 1 1 )
C==—|f(x)e "dx==|eYe dx
=g ] T )
1
Cn :lje—x—innxdx
2—1
l 1

2

1 e*(l‘i’inﬂ'x) 1
=2 @
-1
=__—1 —(L+inz) _ (L+inzx)
2(1+in ;z){e )
-1

== _[ e "™ dx
]

e =cosnz+isinnz=cosnz=(-1)"  and e ™ =cosnz —isinnz=cosnz=(-1)" --sinnz=0
—(1— in 7[)

- 2(1+ n2 ﬂz){e_l (_1)n e (_1)n}
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_ (1—in7r) N4
—m(—l) (¢ -¢)
~ (1-in7) N o, ef—e”
C, _W (1) 2sinh(1) ~sinh @ =
HOE z—((11;;” 7’;)) (~1)"sinh (1) e

17. Calculate the first two harmonic of the Fourier series of f (x) from the following data

X 0 30 |60 90 120 150 | 180 210 240 | 270 300 330
fx) |18 |11 (03 |0.16 |05 13 216 |[125 |13 |152 |176 |20
Solution:
X 0 30 |60 90 120 150 | 180 210 240 | 270 300 330
fx) |18 |11 |03 |0.16 |05 13 216 125 |13 |152 |176 |20
We know that 360= 2z
Here /= Upper Limit — Lower Limit _ 2n-0 o .
2 2
K=12
e 0] o0
nzx . NzX
f(x):i+2 ancosi+z b, sin——
2 n=1 € n=1 g
ao e 0] e 0]
f()="+> a,cosnx+ > bsinnx - l=rx
2 3 n=1
f(x) :%+(qcosx+QSin x)+ (@, cos 2x+h, sin 2x) +.
Where
ag :EZy b :EZysin X
K K
a, —%Zycosx b, =%Zysin2x
a, = % > ycos2x
X y ycosX y COS 2X ysin x ysin2x
0 1.8 1.8 1.8 0 0
30 1.1 0.95 0.55 0.55 0.95
60 0.3 0.15 -0.15 0.26 0.26
90 0.16 0.00 -0.16 0.16 0.00
120 0.5 -0.25 -0.25 0.43 -0.43
150 1.3 -1.13 0.65 0.65 -1.12
180 2.16 -2.16 2.16 0.00 0.01
210 1.25 -1.08 0.62 -0.63 1.08
240 1.3 -0.65 -0.65 -1.13 1.12
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270 1.52 0.00 -1.52 -1.52 -0.01
300 1.76 0.88 -0.87 -1.52 -1.53
330 2.0 1.73 1.01 -1.00 -1.73
Total 15.15 0.26 3.18 -3.74 -1.39

2 2
=-2(15.15)=2.52 b, =—(-3.74) = -0.62
a, 12( ) b, 12( )
31—3(026)—0043 b —3(—139)——023
12 ' 1220 '

2
a, =—(3.18)=0.53
,=15(319

f (x) =1.26+ (0.043cos x—0.62sin x) + (O.53cos 2x—0.23sin 2x) +...

18. Find the first two harmonic of the Fourier series of f (x) given by

x07r2_7:77 27

4z | 57

3 3

3 3

fx) |1

14119

1.7

15 (12

1.0

Solution:

T2z
3] 3

4z
3 3

f(X)=y |1

14119

1.7

1.5

Here/=

Upper Limit — Lower Limit  2r—0 .

K=6

2

2

e 0] o0
f(x):%+z ancos%+z bnsin%
n=1 n=1

ao e 0] e 0]
f()=-—2+> a,cosnx+ Y b sinnx ¢
2 n=1 n=1

Il
S

f (x)=%+(alcosx+blsin x)+(a, cos2x+h, sin2x) +...

Where

2 2w
aO=EZybl— KZysmx

2 2 .
a, :EZycosx b, =E2ysm2x

a, :%ZyCOSZX

X y ycosX y COS2X ysin x ysin 2x
0 1 1 1 0 0
14 0.7 -0.7 1.212 1.212
7 60
3
1.9 -0.95 -0.95 1.65 -1.645
27 _150
3
7 =180 1.7 -1.7 1.7 0 0
15 -0.75 -0.75 -1.299 1.299
%” =240
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1.2 0.6 -0.6
5?” =300

-1.039

-1.039

Total 8.7 -1.1 -0.3

0.5196

-0.1732

ag :%(8.7) _29b =§(O.5196) ~0.17

a = % (-1.1)=-0.37 b, = % (-0.1732) = —0.06
2
8, =+ (-03)=-01

f (x) =1.45+ (—0.37 cosx+0.17sin x) + (—0.1cos 2x—0.06sin 2x) +...

19. Find the first three harmonic of the Fourier series of f (x) given by

X 0|1 2 3 4 5

f(x) |9 [18 [24 |28 [26 |20

Solution:
X 0 [1 2 3 4 5 6
f(x) |9 |18 [24 |28 [26 |20 |4
Here /— Upperlelt—LowerL|m|t=6—0 _3 -3
2 2
K=6

e 0] o0
f(x):%+z ancos%+z bnsin%
n=1 n=1

f(x)—i+z ancosn—+z b, sin 2%
n=1 n=1
f(x):3+(alcosﬂ—x+blsinﬂ—xj+(a cos 2% 4 sinmj+(a3cosgﬂ—x+b sin%j+
2 3 3 2 3 23 3 3 )7
Where
a0=32y bl—gz sin(”—xj
K k&Y 3
2 X
a ZEZYCOS[? b, :%Zysin(%x)
2
2 :—Zycos[—j b, :%Zysin(sing
a, :—Zycos[gi]
X y ycosﬂ—x ycos—zm( ycos% ysinﬂ—x ysin—zm( ysingﬂ—x
3 3 3 3 3
(or) ycos60x
ycos120x | ycos1l80x | ysin60x | ysin120x | ycos180x
0 9 9 9 9 0 0 0
1 18 9 -9 -18 15.7 15.6 0
2 24 -12 -24 24 20.9 -20.784 0
3 28 -28 28 -28 0 0 0
4 26 -13 -13 26 -22.6 22.6 0
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5 20 10 -10 -20 -17.4 -17.4 0

Total 125 -25 -19 -7 -3.4 20.8

ag = %(125) _41.66 b :%(—3.4) - 113

a, zg(_zs) —-833 b, =§(20-8) =69

a, =§(—19) ~-6.33 b, =§(0) =0

2
8y = (-7)=-23

The required Harmonic of the Fourier series be
f(x)= 41.66 (—8.330037%X +-1.13sin %Xj + (—6.33cos% +6.9sin %j + (—2.3cos BﬂTX + Oj +...

—+

f(x)= 20.83+[—8.33cos%x+—1.13sin %Xj+(—6.33coszi;(+6.9sin ZL;(}(—z.scos%Tx}...

20. The following table gives the variations of a periodic function over a period T
X 0 T/6 | T/3 | T/2 |2T/3 |5T/6 | T
f(x) [198 |13 [105 13 [-0.88 [-0.25|1.98

findf(x)upto first harmonic.

Solution:
AssumeX:@
T
X |0z |2z |7 4r | 5z |27
3 3 3 3

y=f(#) | 1.98 | 1.3 |1.05 |13 |-0.88|-0.25 1.

Upper Limit — Lower Limit  2r—0

Here /= = f=x
2 2
K=6
o0 o0
f(X):i+Z a, cosm+z b, sin 72X
2 n=1 n=1 14
% ¥ S
f(X)=="+) a,cosnX + ) b, sinnX
2 n=1 n=1
f (x):%+(a1cosnx +b sinnX )+ (a, cos2X +b,sin2X )+ (a, cos3X +b,sin3X ) +...
Where
a0=£Zya1=£Zycosx b1=£ZysinX
K K K
X y ycos X ysin X
1.98 1.98 0
1.30 0.65 1.1258

wly |o
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27 1.05 -0.525 0.9093
3
7r 1.30 1.3 0
Y -0.88 0.44 0.762
3
57 -0.25 -0.125 0.2165
3
Total 4.6 112 3.013
a, = %Z y= 4—;3 =154 = %(1.12) =0.37h, = %(3.013) =1.005

| f(x)=0.75+0.37cos X +1.005sin X
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DEPARTMENT OF MATHEMATICS
UNIT Il -FOURIER SERIES

2.3 Harmonic Analysis

The process of finding the Fourier series for a function given by numerical values
Is known as harmonic analysis.

ap ©
f(x)= ===mmmm + 2 (a, cosnx + b, sinnx), where
2 n=|

ie, f(x) = (a0/2) + (a1 cosx + b1 sinx) + (a2 cos2x + b2 sin2x) + (a3cos3x + b3sin3x)+-
------------ (1)
2 Y 4(x)
Here ap =2 [mean values of f(x)] = ----=------
n

2 > f{x) cosnx
a, =2 [mean values of f(x) cosnx] =

n

2 ) f{x) sinnx
& b, =2 [mean values of f(x) sinnx] =

n

In (1), the term (a1cosx + b1 sinx) is called the fundamental or first harmonic, the
term (a2cos2x + b2sin2x) is called the second harmonic and so on.

Problem 1.
Compute the first three harmonics of the Fourier series of f(x) given by the
following table.

e M

X 0 n/3 2n/3 n 4n/3 5n/3 2n

f{x): 1.0 1.4 1.9 1.7 1.5 1.2 1.0
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We exclude the last point x = 2m.

Let f(x) = (ao/2) + (a1 cosx + b1 sinx) + (a2 cos2x + b2 sin2x) +
To evaluate the coefficients, we form the following table.

X f{x) COSX SINX cos2x sin2x Ccos3x sin3x
0 1.0 1 0 1 0 1 0
n/3 1.4 0.5 0.866 -0.5 0.866 -1 0
2n/3 19 -0.5 0.866 -0.5 -0.866 | 0
T 1.7 -1 0 1 0 -1 0
47/3 1.5 -0.5 -0.866 -0.5 0.866 1 0
S5n/3 1.2 0.5 -0.866 -0.5 -0.866 -1 0
2 Yfix) 2(10+14+19+17+15+12)
Now, g = = =
6
2 Y'f(x) cosx
A = mmemmmmememeeeee =) 37
6
2 Y'f(x) cos2x
a2 = =-0.1
6
2 Yf{x) cos3x
a= =0.033
6
2 Y f(x) sinx
by = emeemmemeeeeeeee =().17
6
2 Y f{x) sin2x
b= =-0.06
6
2 Y f{x) sin3x
b3 o =0
6

- f(x) =1.45-0.37cosx + 0.17 sinx — 0.1cos2x — 0.06 sin2x + 0.033 cos3x+...

Problem 2

Obtain the first three coefficients in the Fourier cosine series for y, where y
Is given in the following table:
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X: 0 | 2 3 4 S

y: 4 8 15 7 6 2
Taking the interval as 60°, we have

0: 0° 60° 120° 180° 240° 300°

x 0 | 2 3 4 5

y: 4 8 15 7 6 2

.. Fourier cosine series in the interval (0, 2m) is y = (a0/2) + aicosO+

a2c0s20+ a3cos30+ .....

To evaluate the coefficients, we form the following table.

0’ cosf c0s20 cos30 X y cosf y cos20 | y cos30

0° 1 1 1 4 4 4 4

60° 0.5 -0.5 -1 8 4 -4 -8

120° -0.5 -0.5 1 15 -7.5 -7.5 15

180° -1 1 -1 7 -7 7 -7

240° -0.5 -0.5 1 6 -3 -3 6

300° 0.5 -0.5 -1 2 1 -1 -2
Total 42 -8.5 -4.5 8

Now, a0 =2 (42/6) = 14

al=2(-8.5/6)=-28
(-4.5/6) =

a2 =2

a3=2(8/6) = 2.7
y =7 2.8 cos0- 1.5 cos20+ 2.7 cos30+

Problem 3
The values of x and the corresponding values of f(x) over a period T are given
below. Show that f(x) =0.75 + 0.37 cos6+ 1.004 sin6,where 6= 2nix )/T

X:

0

T/6

T/3

T/2

2T/3

5T/6

1

y:

1.98

1.30

1.05

1.30

-0.88

-0.25

1.98

We omit the last value since f(x) at x = 0 is known.
Here 6=2nx /T
When x varies from 0 to T, 6varies from 0 to 2z with2w/6. an incre

Let f(x) = F(0) = (a0/2) + a1 cosb+ b1 sino.

To evaluate the coefficients, we form the following table.
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g ==

0 y cos sinf y cosO y sinf

0 1.98 1.0 0 1.98 0

n/3 1.30 0.5 0.866 0.65 1.1258

2n/3 1.05 -0.5 0.866 -0.525 0.9093

I1 1.30 -1 0 -1.3 0

4n/3 -0.88 -0.5 -0.866 0.44 0.762

Sn/3 -0.25 0.5 -0.866 -0.125 0.2165
4.6 1.12 3013

a1 =2 (1.12 /6) = 0.37

Now, a0 =2 (> f(x)/6)=1.5

a2 = 2 (3.013/6) = 1.004

Therefore, f(x) =0.75 + 0.37 cos6+ 1.004 sin6




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

DEPARTMENT OF MATHEMATICS

UNIT Il -FOURIER SERIES
2.4 PERIODIC FUNCTION
Periodic Functions

» A function f(x) is periodic if there is a positive number T such that for every
value of x:

fx+T) = f(x)

The smallest such value of T > 0 is called the fundamental period or simply the
period.

» If we know what the graph looks like in an interval of length T, then we can
use replication to sketch the entire graph.

y

period T

Problem 1: What is the fundamental period of the following function?
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—
P

Solution:

a) The period is 3
b) The period is 6
c) The period is 4

Period of Trigonometric Functions

Period m: t Sin x . 1
= anx = , cotx =
tan(x + m) = tan x oS x tan x
cot(x + m) = cotx 1 1
_ secx = , CSCX = —
Period 27 Ccos x sin x

sin(x + 2m) = sin x
cos(x + 2m) = cosx
sec(x + 2m) = secx

csc(x + 2m) = cscx
¥ ¥ } y=tanx

‘ ¥ = %ifx Vo= oSy
: I
I
|‘._1; X
T 2T
2

=i i ( w K W o _JT £ 0 aw ] —EE m —E[ 0 _: m iz
2 2 \2 | ]2 2 T TH T
|
Domain: —n < v < s Domain: —ac "'_ X< = Domain: x # E. : I
Range: -1=vy=1 Range: -l=y=1 2 2
Period: 2 Period: 2@ Range: -—o <y <=

Period: o
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1 ¥V = CsCx

|\,

- a0

X

|
L
2

Domain: x + 0, o, +2m, ...

Range: v=-loryv=|
Period: 2

Problem 2: Sketch

T 3w 2m

a) y =sinx,

=

Vo= SEC X

. 3
Domain: x 7'-+E, ...
2 2

Range: v=-lorv=1
Period: 24

b) y = 2 sin x,and

What is the period of each function?

Solution:
a) The period is 27

rs

ACT/A
= 3w
+ T —t + J,./:_r

b) The period is 2m

-r_m0| m\T 3™
2 2 2

Domain: x # 0, =, =2m, ...
Range: -—w <y <
Period: =

c) y = sin(2x),

c) The period is

>~

24
e

N

D W A

[

v = sin(2x)
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DEPARTMENT OF MATHEMATICS

UNIT Il - FOURIER SERIES
2.5 EVEN & ODD FUNCTION - HALF RANGE FOURIER SERIES

A functiony = f(x)isan:
Evenfunction of x if f(—x) = f(x),
0dd function of x if f(—x) = — f(x),

for every xin the function's domain.

The graphs of even and odd functions have characteristic symmetry properties.

e The graph of an even function is symmetric about the y-axis.

e The graph of an odd function is symmetric about the origin.

Problem 1: =, \f’\*——: {x, )
f(x) =x%is an even function, since(—x)?% =x? for allx, ‘m_n .
(symmetry about y-axis).

Problem 2: 1:

f(x) =x3is an odd function, since(—x)3 = —x3 for allzx, v If’n )
(symmetry about the origin). r;_:,; 7 )
Problem 3: - ,,,»/ '

f (x) = xis an odd function, since(—x) = —x for all x, (symmetry

about the origin).

/|

—
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Problem 4:

f(x) = x + 1 is neither even nor odd:

Not even function since, f( —x) # f(x)for all x # Owhere f(—x) = (—x) +
1,but f(x) =x + 1.

Not odd function since, f(=x) # —f(x) where f(—x) = —-x+1,
but —f(x) = —x—1.

Problem 5: Find the Fourier series corresponding to the following periodic
function:

_(—k, for —mn<x<0
f(x)—{ k, for 0<x<m

wheref (x) = f(x + 2m)

—3m —2m - fi 4 2w 3T

Solution:

Theperiod T =2L=2r= L=m
L T 0 T
=7 [f@ar=— [ f@ax == [0ax+— [
aO—L f(x x—n fx x—ﬂ X - X
—L - - 0

—k ° kT
=7 Xln 25
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—k k
=—00+m)+—-(m—-0)=—-k+k=0
yis yis

L
=% ff(x)cosnLix dx = ff(x)cos— dx

1 1
=— f(—k) cos nx dx +—f(k) cosnx dx
T T
0

—k 0 k T
= —sinnx]__ 4+ —sinnx]
nm nm 0

—k

—[sin 0 — sin(—nm)] + — [sintn — sin 0] = 0
nm nm

nmnx nmx

ff(x)sm— dx =— ff(x)sm— dx

1 1
=— j(—k) sin nx dx+—j(k) sinnx dx
T T
0

k ° kK T
=—cosnx] ——cosnx]

nmw g Nm 0

k
= —|[cos 0 — cos(—nm)] — — (cosnm — cos 0)
nmw nmw

= —|[1 — cos(nm)] —— (cosnm — 1)
nm nm

Zk —[1 = cos(nm)]
i

0, if n is even

2k n
=—(1-CD ) =14
e if n is odd
nm
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we can write the even- indexed and odd-indexed coefficients separately as

bony = 0,fork =1,2,--and bizp—1) = an for k=1,2,-
0 nmwx - nmx
.-.f(x)—7+2[ cos—+bnsmT
n=1
¢ (2n — Dmx
z bian-1) smT
n:
Z o 1) sin(2n — 1)x
4k 4k _
= —sinx + —sin3x + —sin 5x + --:
T 3 51

Half Range Fourier series

A half range Fourier sine or cosine series is a series in which only sine terms or
only cosine terms are present, respectively. When a half range series
corresponding to a given function is desired, the function is generally defined
in the interval (0, L), which is half of the interval (=L, L), and then the function
is specified as odd or even, so that it is clearly defined in the other half of the

interval, (=L, 0).
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For halfrange Fourier sine series (odd functions):

ao - 0
a, =0
niwx
Jf(x) sm— dx
- nwx
f(x)=2bnsinT, for0<x<1L
n=1

For half range Fourier cosine series (even functions):

—%jf(x) dx
0

nmnx

ff(x) COS—— dx

b, =0

nmx

f(x)-; ZancosT, for0<x<L

1

n
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Problem 6: Determine the half range Fourier sine series corresponding to:
f(x)=L—x, for0<x<L.

Solution:
A Fourier series consisting of sine terms alone is obtained only for an odd
function. Hence, we extend the definition of f(x) so that it becomes odd.

f(x)
F 3
2 g
? “ l > X
—2L —L~ AN 12L
~ _L \\I
Taking the period T = 2L
Since the function is odd then:ay = 0and a,, = 0
nmx nmx
Jf(x) sm— dx = f(L - x) sin—)
L
- cos (—”’Z") -sin(°7°)

2
=1 (L —x) - (-1

(T) ()

L
= % Tf_ﬂ (x—1L) (cos (mzx)) — nzLsz ( sin (nllﬂ))]

0

0

- )l eos (T -2 ()

) [0 —nm(0 — L)(cos 0) —L sin (nLLL> + L sin O]
=< 2 2>[n7tL] =2

n2m nm
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= nmx
.-.f(x)=2bnsinT, for0<x<L
n=1
i( ) nmx
sm—
n=1
_ (ZL) . TX N <2L) 27X N (2L> 31X L
=\ sin I o sin I 3 sin 7

Problem 7: Determine the half range Fourier cosine series corresponding to:
f(x)=L—x, for0<x<L.

Solution:
A Fourier series consisting of cosine terms alone is obtained only for an even
function. Hence, we extend the definition of f(x) so that it becomes even.

f(x)

2L ~L L 2L

Taking the period T = 2L
Since the function is even then: by, = 0

L
ff(x)dx— j(L—x)dx—zle—xz—z] :%(Lz—l;):

0

jf(x)cos— dx = f(L—x)cos— dx
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sin (°T°)

(7)

— COS (#) X

(F)

N % nL_n (L =x) ( Sin ("LLX)) B nfnz ( o (nLix))

( ZL 2) [0 — n(L — 0) sin(0) — L cos(nm) + L cos(0)]
n2m

=Zlw-x - (-1

2
L

= (nzznz) [—L cos(nm) + L]

0, if n is even
2L
— _ n| —
_(nznz)[l (=" = 4L e
o if nis odd
a = nmwx
.'.f(x)=7+zanCOST, fOT‘OSXSL
n=1

i (2n—Dnx
(Zn 1) CoS L

((Zn )22 )COS = _Ll)nx

L ( 4L ) 7Tx+( 4], ) 37Tx+< 4], ) 57Tx+
2 D2n? coS 7 3)2n2 coSs 7 (5)2n2 coS 7

Nlh
N~
||M8 I

L 4], X 4], 3mx 4L S5mx
:E+(F)C°ST+(W)C°S L +(25nz>“’s L
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UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL
EQUATIONS

3.1 ONE DIMENSIONAL WAVE EQUATION

2 2
One Dimensional Wave Equation: a—? =a’ d -
ot ox”
\ 4
Vibrations of a string
A 4
\4 \ 4
Zero Initial velocity Non Zero Initial velocity
Hint: Hint:
1) Velocity will not be given in the question 1) Velocity will be given in the question
2) The word released from the rest will be there 2) The word initially at rest will be there in
in the question the question
A\ 4 A 4
The Boundary and Initial “Y The Boundary and Initial
conditions are: conditions are:
i) ¥(0,1)=0 i) »(0,/)=0
i) (/,1)=0 ii) y(/,1)=0
X i) y(x,0)=0
ii) %(x,0)=0 — )g( )
x=0 - NN g <y
iv) p(x,0)= f(x),0<x </ ) o (B0 =7(x), 0<x< d
A A 4

The Correct (or) Suitable Solution is
y(x,1) = (Acos px+ Bsin px)(C cos pat + Dsin pat )

y(x,t) — The dis

2 2
1) In the wave equation % =C? 2—2 , what does C? stands for?
X
Solution:

2
. . . ..au u
One dimensional heat equation is 8_ =C? 8—2

ot OX

C2= T/m, where T is the tension and m is the mass of the string.
2) Write all possible solutions of the transverse vibration of the string in one dimension.

Solution:
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(i) Y(X ,t)z (Aepx+ Be"”‘) (Cepat_,_ Defpat)

(i) y(x,t) = (A cospx + Bsinpx) (C cospat + Dsinpat).
(iii) y(x,t) = (Ax +B) (Ct + D

PART -B

A uniform string is stretched and fastened to two points 'I' apart. Motion is started by displacing
the string into the form of the curve y =kx(l —x) and then releasing it from this position at time

t = 0. Find the displacement of the point of the string at a distance x from one end at timet.

Solution:
. . .0 0°
One dimensional wave equation is —2y =a’ —Z where a* = T
ot OX m
The correct solution is
y(x,t) = (Acos px+ Bsin px)(Ccos pat + Dsin pat) ————— @

The Boundary and Initial conditions are

) y(0.)=0

i) y(l,t)=0

iii) %(X,O) =0

iv) y(x,0)=f(x)=kx(I—x), O<x<l

Applying condn (i) in (1)

1) = y(0,t) = (Acos0 + Bsirt0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 ..|A=0

Sub A=0in (1)

@D = y(x,t) =(Bsin px)(Ccos pat + Dsin pat) ————— 2
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Applying condn (ii) in (2)
y(I,t) = (Bsin pl)(C cos pat + Dsin pat)
0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt =|p=—

Sub the value of p in (2)

nna
|

Diff (3) partially w.r.to ‘t’

Apply condn. (iii) in the above equation

Y (x,0 =(Bsinﬂxj{w+ Dcosox[@
ot | | |
O=(Bsin$xJ{Dx($ﬂ

. N n
Here BiO,SInl—nX;tO,ILaiO,

Sub the value of D in (3)
)= y(x,t)=(Bsin$xj(Ccos@t+0j

y(x,t) =BCsin %xcos@t

2= y(x,t)= (Bsin % XJ(C cos@t + Dsin —t) —————

2)= %(x,t) =(Bsin$x}[—Csin @t X(@} Dcosl—tx
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y(x,t):Qsin%xcos@t let BD =D,

The most general solution is

Y(x,t)=2bnsinnl—nxcos,$t _____ (4)
n=1

Applying condn (iv) in (4)
y(x,0)=>b, sinnl—nxcoso
n=1
f()=3b, sin%x +cos0=1
n=1
Which is half range Fourier sine series in (0,1)

|
b, =|3jf(x)sin#dx
0

|
=|3jkx(| -x)sin@dx
0

3
= |_:3—kls[005 nm—cos0]
T
—4KI? n
= LD
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0 if nis even
b = 2
! % if nis odd
T
Sub b, in (4)

y(x,t) = f‘,

nm
sm—xcos—t
n=135,.. n’n I |
8k| Z 1 . (2n 1)71: S(2n—1)7tat

3
n=1 n

(or) y(x,t) =

2. | Astring of length 21 is fastened at both ends. The midpoint of the string is displaced transversely through a
small distance ‘6> and the string is released from the rest in that position. Find an expression for the
transverse displacement of the string at any time during the subsequent motion.

Solution:

. . .. 0? 02
One dimensional wave equation is 6t_2y =a’ ax_zl where a* = T

3

The correct solution is

y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @ 4
The Boundary and Initial conditions are y (i b)

Assume 2I=L

i) y(0,t)=0 .
0(0,0) B(L.,0)

i) y(L,t)=0
i) %(X,O) =0

iv) y(x,0)=f(x)="?
To find f(x):

The equation of line joining two points is
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X=X _ Y-V,
X, =% Yo=Y

Eqution of OA is O(0,0)& A(l/2,b):

x-0_y-0_ 2x_y :>y=2—bx, 0<x<t
L o b-0 L b L 2
Eqution of AB is A(L/2,b)&B(L,0):
y L 2x—L
2=y—b:> 2 _y—b: 2x—L:y—b
L—L 0-b L -b L —b
2 2
—2xb+1b=yl—Ib

—2xb+Lb+Lb=yL =-2xb+2Lb=yL
2b L

=—(L-X), —<x<L

y=7 (=% 3

2—bx, 0<x<E

L 2

2—b(L—x), L<x<L
L 2

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0+ Bsir0)(C cos pat + Dsin pat)

0=(A)(Ccos pat + Dsin pat)

Here (C cos pat + Dsin pat) =0 ..

Sub A=0in (1)

@D = y(x,t) =(Bsin px)(C cos pat + Dsin pat)

Applying condn (ii) in (2)
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y(L,t) =(Bsin pL)(C cos pat + Dsin pat)
0=(Bsin pL)(Ccos pat + Dsin pat)

Here B=0, (Ccos pat + Dsin pat) =0

~sinpL=0 =sinpL=sinnt = pL=nt =|p=—

Sub the value of pin (2)

2) = y(x,t):(Bsin@xj(cCos@H Dsin@t) ————— 3)
L L L

Diff (3) partially w.r.to ‘t’

2= Q(x,t):(BsinEx) —Csin@tx(EJ Dcos@tx[@j
ot L L L L L

Apply condn. (iii) in the above equation

Q(X,O) :(Bsinﬂxj{WJF Dcosox(@ﬂ
ot L L L
Oz(Bsinn—nxj{Dx(mﬂ

L L

N .0 - D=0
L

Here B=0, sinn—Lnx;tO,

Sub the value of D in (3)

)= y(xt)= [Bsinn—:xj(c cosnil_at + Oj

y(x,t) =BCsin r]Tnxcosn—:_cat

y(x,t):blsinn—:xcosn—TLwt let BD =D,
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The most general solution is

Y(x,t)=2bnsinnTnxcos miat _____ (4)

n=1

Applying condn (iv) in (4)

y(x,O):ansinnTnxcoso

n=1
f()=3b, sin”—L“x +cos0=1
n=1
Which is half range Fourier sine series in (0,1)

L
b, =3jf(x)sin@dx
L) L

L 2bx O<x< L
2 I 2
_2 Iz—b sm@dxﬂ.—('— x)sm@dx y=f=1 L ?
Ll 2b
0 : —(L X), —<x<L
} -
2 nmx
Ixsm—dx+j(L X)sin — dx
° L
E i
L
nmx . nmx ) |? N . nax
4b —cosT —smT —COS—— —smT
-5 (x) o (1) g +{ (L-x) e —(-1) S
L e, L L

N
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4b| 212 . nn
_F 27'[2 S|n7
8b nm

Sub b, in (4)

= 8b n nnx _ nmat
Lyt =] sm—nsmicos T

~ n’n? L L

=1

Ly(x,t) = 8—zzizsm msm %cos ng?t
:1

This is the required displacement.

A string of length | is fastened at both ends. The midpoint of the string is displaced transversely through a
small distance ‘6> and the string is released from the rest in that position. Find an expression for the
transeverse displacement of the string at any time during the subsequent motion.

Solution:

Replace L by | in the above problem

A tightly stretched string with fixed end points x=0 and x=l is initially in a position given by
y(x,0) = y, sin® T If it is released from rest from this position, find the displacement y at any distance x

from one end any time t.
Solution:

N 07 ok T
One dimensional wave equation is at_zy =a’ —Z where a® = —

3

The correct solution is

y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @
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The Boundary and Initial conditions are
) y(0,t)=0

i) y(I,t) =0

i) %(X,O) =0

iv) y(x,0) = f(x)=yosin3nTX, 0<x<I

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + Bsirt0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 ..

Sub A=0in (1)

(@) = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————— 2
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(Ccos pat + Dsin pat)

0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt = |p=—

Sub the value of pin(2)

(2)= y(x,t)=(Bsin$xj(Ccos$t+ Dsin@t} ————— ©)
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Diff (3) partially w.r.to ‘t’

(2)= %(x,t) :(Bsin%x)[—Csin @t X(@j%— Dcos@tx(#ﬂ

Apply condn. (iii) in the above equation

eo-{om ] oo o 2]
oo ()

Here B:&O,sin%x;«to,#;rso,

Sub the value of D in (3)

)= y(x,t)= (Bsin% xj(c cos@t + O]

y(x,t) =BCsin %xcos@t

y(x,t):bpin%xcos@t let BD =b,

The most general solution is

y(x,t):ansin%xcosﬁt _____ (4)
n=1

Applying condn (iv) in (4)

y(x,0)=>"b, sinnl—nxcoso

n=1

f(x) =ansin$x - cos0=1
n=1
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L g TX O . Nnm
y,sin®—=> b sin—x
I = I

Y, sin —_Zb sin ™ sin3e=%[3sine—sin39]

y0{4[35|nTX—sm %}} Zb sm—x

%sinﬁ—x—ﬁsinsn _blsml—x+b sm2I +b,sin 3lx+b4sin$+...

Equating co-efficients of likely terms on both sides
b,=Yo :b —0; b,— Yo b, b, —b,..=0.
4 3 4 5 6

Sub these values in (4)

@) =yxt)= bISInTXCOS ? + b,sin ZTX os—lat +b33|n¥cos—3nlat+

y(x,t) = 3Ti/f"sinnTXcosnl—at —%sin #cosﬁ

5. | Atightly stretched string end points x=0 and x=I is initially at restin its equilibrium position. If it is set
vibrating giving each point a velocity A(Ix — x*) , then show that the displacement of given string is

3 _ _
y(x,t)=8M4 z 1 sin (2n-1nx sin (2n-Drat .
an” 5 (2n-1) I I
Solution:
2 2
One dimensional wave equation is 6_2y =a’ 8—3/ where a* = T
ot OX m
The correct solution is
y(x,t) = (Acos px+ Bsin px)(Ccos pat + Dsin pat) ————— @

The Boundary and Initial conditions are
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) y@O1t)=0
ii) y(I,t)=0

iii) y(x,0)=0

iv) %(X,O) =A(Ix—x%), 0<x<I
Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + Bsiri0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 .-

Sub A=0in (1)

@ = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————— 2
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(Ccos pat + Dsin pat)

0=(Bsin pl)(Ccos pat + Dsin pat)

Here B=0, (Ccos pat + Dsin pat) =0

, , . nm
~sinpl =0 =sinpl=sinnt = pl=nt = p=|—
Sub the value of pin (2)
2= y(x,t):(Bsin?xj{Ccos@H Dsin@t) ————— 3)

Apply condn. (iii) in the above equation
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Q) = y(x,0)=[Bsin$xj(CcosO+pm)
O=(Bsin$xj(c)

Here B:&O,sin%x;to,
Sub the value of Cin (3)
3= y(x,t)=(Bsin$xj(Dsin$t)

y(x,t) = BDsmT Xsin @t

. n n
y(x,t)=blsanxcos|Lat let BD =D,

The most general solution is

y(x,t) = Zb sin 2% xsml—t ————— (4)

Diff (4) partially w.r.to ‘t’

g(x,t) =>'b, sin Ty cos @, [ 7@
ot — | TAE

Applying condn (iv) in the above egn.
Q(x,O) =ibnsinﬂx cos0x nra

ot m—y I I
f(x)= Zb sin 1™ (nfa) rcos0=1

y(x,0) = ZB smnfx IetB_b$
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(%) =Zanin$x
n=1
Which is half range Fourier sine series in (0,1)

=—I f (x)sm@dx

I
=|3jxx(| —x)sin#dx
0

= I:z;a [cosnm—cosO]
nma —4Al°
bh —= )" -1
= — D" -1]
o —4M3[( Ly ]
" n'r*a
0 if nis even
b =4 g
% if nis odd
n‘r*a
Sub b, in (4)

E) 3
yxt)= >’ 8l sin%xsin@t

4 4
n=135.. N 7T a
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g’ 1 . (2n-Dn_ . (2n-Drma
or) y(x,t) = sin xsin t
Ny ="z g(zn-l)‘* |

6. | If astring of length | is initially at rest in its equilibrium position whose ends are fixed and each of its points

I
cx; 0<x<—
is given a velocity v such thatv = | , find the displacement of the string at any timet .
cl-x); =< x<lI
(I-x) 5

Solution:
2 2
One dimensional wave equation is 8—3/ =a’ 8_2/ where a’ = T
ot OX m
The correct solution is
y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @

The Boundary and Initial conditions are
) y(0,t)=0
i) y(I,t)=0

i) y(x,0)=0

CX; 0<x<l
iv) %(X,O):

c(I—x);E<x<I

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0+ Bsir0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0

Sub A=0 in (1)
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Applying condn (ii) in (2)
y(I,t) = (Bsin pl)(C cos pat + Dsin pat)
0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt =|p=—

Sub the value of pin (2)
2)= y(x,t):(Bsin%xj(Ccos@H Dsin@t)
Apply condn. (iii) in the above equation
)= y(x,O):(Bsin$xj(Cc050+D8h(O)
O=(Bsin$xj(c)
Here B=0, sin%x;«to, -C=0
Sub the value of Cin (3)
)= y(x,t)=[Bsin¥xj{Dsin$t)
nna

y(x,t) = BDsin% Xsin I—t

y(x,t)=blsin$xcos$t let BD =b,

(@) = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————
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The most general solution is

Y(x,t):ansin$xsm mrat _____ (4)
n=1

Diff (4) partially w.r.to ‘t’

@(x,t) =>'b, sin ™ x cos T (nnaj
ot v | | |

Applying condn (iv) in the above eqn.

@(X,0)=ibnsinmx Cosox(@j

at n=1 I |

f(x)= Zb Smnnx (nrlcaj -rcos0=1

Y(X,O):Zanin# let B, =h, @
n=1

f(x) =Zanin$x
n=1
Which is half range Fourier sine series in (0,1)

=—j f(x)sm@dx

5 cx;0<x<l
2
=7 jcxs.n—dx+jc(|—x)s|nl—dx o f(X) =

2 c(I—x);§<x<I

|
2
jxsm—dx+_[(l —x)sdex

2
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|
- |
nmx . nnx | |? nmx . NmX
2c —cosl— —smT —cosT —sml—
=—4|(xX —-(1 +{ (I =x —(-1
R R IR L R R
I I* 0 I 12 !
2
L L
2c I nmx 1> . nnx |2 I x 1 . nnx
="—J| ——xcos +——sin +| ——(I=x)cos —sin
I nm | n°m (N nm n°m I
2
! |
2c 1 n > . n 2 I (1 n 1> . n
=] - = cos = + . zsm—TE -] +](0)-| -——| = cos —~ — —si -
| nr 2 2 T 2 . n\ 2 2 nmn 2 )
2
2cC 12 > . nn 12 T > . nn
=—| — 0S— +——SiN—+ —e05— +——sin—
| s n°m T 2 n'm 2
2c| 21 . nn
=— sin—
| | n’x? 2
nma  4cl n nra
bnl_ P _TE ) Bn:bni
I n°m 2 I
4cl> . n
b, =——sin—-
n°ra 2
Sub b, in (4)
2, 4cl? Nt . nmx ___ nmat
Sy(xt) = sin—sin——cos——
yen nzzllnsnsa 2 |
4P &1 . n nmx __ nnat
Syt = D =sin —nsmicosn—
r’a &5n | I
Ifa string of length of | is initially at rest in its equilibrium position and each of its point is given the
velouty—(x 0) =V, sin® == ; 0<x<I. Determine the displacement function y(x,t).
Solutlon.
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N 07 ok T
One dimensional wave equation is —Zy =a’ —2’ where a* = —
ot OX m

The correct solution is

y(x,t) = (Acos px + Bsin px)(Ccos pat + Dsin pat) ————— @
The Boundary and Initial conditions are
i) y(0,t)=0
i) y(I,t)=0

i) y(x,0)=0

iv) %(X,O)zvosinsnTx, 0<x<I

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0+ Bsirt0)(C cos pat + Dsin pat)
0=(A)(Ccos pat + Dsin pat)

Here (Ccos pat + Dsin pat) =0 .-

Sub A=0in (1)

@ = y(x,t)=(Bsin px)(Ccos pat + Dsin pat) ————— 2
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(Ccos pat + Dsin pat)

0=(Bsin pl)(Ccos pat + Dsin pat)

Here B0, (Ccos pat + Dsin pat) =0

~sinpl=0 =sinpl=sinnt = pl=nt =|p=—
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Sub the value of pin (2)
(2)= y(x,t):(Bsin%xj{Ccos@H Dsin@tj ————— ©))

Apply condn. (iii) in the above equation

. N i
})= y(x,O):(Bsmej(CCOSOJrM)
O=(Bsin$xj(c)
Here B¢O,sin$x¢0, ~1C=0
Sub the value of Cin (3)
3= y(x,t)=(Bsin¥xj(Dsin$t)

y(x,t) = BDsin% Xsin @t

. n
y(x,t)=blsm$xcosliat let BD =D,

The most general solution is

y(x,t)=zbnsin$xsin$t ————— (4)
n=1

Diff (4) partially w.r.to ‘t’

Y (x,t)= 37b, sin S x cos Tt x (@j
ot n=1 I | |

Applying condn (iv) in the above egn.

%(X,O) :ansin$x cosO{@j
n=1
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f(x)= Zb Smnnx (nflcaj rcos0=1

= a . nnx
V, sin® z I_ -
n=1

V0{4[3sml—x—sm%}} an i nTX

n=1

—sin——-—sin—=hb —sin—+Db sin +h
4 | 4 I bll [ *

Equating co-efficients of likely terms on both sides

ra 3V, 2na 3ra -V
blT:To,sz:O, bSI_zTo;b4:b5:b6"':0'
VA -V
=—%'p =0 b,=—2:b,=h. =h,..=0|
by 4ma " ? * 127’ " b, =b,

Sub these values in (4)

(4) = y(x,t)= sm—cos + b, sin 27X s;at +b, sm3 ™
| I | |
y(x,t) =—=2 smn—xcosn—m— Vel sm%cos@
| | 2na [ [

Y, . mx V, . 3nx ma . X 2na . 21X 37taSi

3nx 4na .
—+b, —sin

3rat

COS—I +..

- sin® 6:%[3sin 6 —sin30]

47X
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UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

3.2 ONE DIMENSIONAL HEAT EQUATION

One dimensional heat equation is

ou , 0l , Kk Thermal conductivity
—=a"—; Wherea" =—= - — ,
ot OX pC  densityxSpecific heat capacity

u(x,t) — The temperature distribution at any point x from one end at time t.

The various Possible Solution of 1-D heat equation.
() u(x t) = (Ae™ + Be ™)Ce* "

(||)U(X t ): (ACOS PX + Bsin pX)Ce,aszt
(III)U(X ,t) =Ax+B
The boundary and initial conditions.

x=0 x=I
i) u(0,t) =k,C A I B

i) u(l,t) =k;C k€ kC

i) u(x,0)=f(x)

The correct solution is U(x,t) = (Acos px+ Bsin px)Ce*”’zpzt
The steady state solution in 1-D heat equation:

Solution:
ou , 04
a o T @

ou
In steady state t=0 then Y =0

2 2 2
20U _g 50U g 598
OX

Y dx?
Integrating twice we get |U(X) = AX+B
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A rod of length | has its ends A and B are kept at 0°C and 100°C until steady state condition prevait. If the

temperature at B is reduced suddenly to 0°C and kept so while that of A is maintained. Find the temperature
u(x,t) at a distance x from A and at time t.

Solution:
.. au o%u k
The 1-D heat equation is — = a”— where a* =—
ot OX pC

To find steady state solution u(x, 0) = u(x)

ou
In steady state t=0 then r =0

2 0°U _
OX?

2 2
OU_g o 0u_g

0 =>—=
ox* dx?

Integrating twice we get |U(X) = AX+B|————(0)

The boundary conditions are i) u(0)=0"C i) u(l) =100°C
Applying condn (i) in (1)

()=u(0)=0+B=[B =0

Sub B in (1)

u(x) = Ax ————(2)

Applying condn (ii) in (2)

u(l) = Al=100= Al =|a=2%0

Sub A'in (2)

The boundary and initial conditions are

i) u(0,t)=0°C
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ii) u(l,t) =100°C

iii) u(x,0) = f(x):lolﬂ, 0<x<I

The correct solution is
u(x,t) =(Acos px+Bsin px)Ce™ "t ————— M
Apply condn. (i) in (1)

u(0,t) = (ACOS 0+ M)Ce—azpzt

0=ACe ™™

Here C#0, e “P'20 ~[A=0]

Sub Ain (1)

u(x,t) =(Bsin px)Ce’”‘zpzt ————— (2)

Apply condn. (ii) in (2)

u(l,t) =(Bsin pl)Ce™ "
0=(Bsin pI)Ce*“Z"Zt

Here B#0,C #0,e* " %0 .-

sinpl=sinnz =pl=n7 =|p=—

Subpin (2)

a®nr?t

u(x,t) =(Bsin @jCe ’

a’n’z?t

u(x,t) =h, sin #e_ ¥ BC =b(say)

The most general solution is
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2
n7Z'X Y

u(x,t) = Zb sin—= et (3)

Apply condn (iii) in (3)

u(x,0)=>"h, sin@e‘0

n=1

f(x)= Zb sin nTX e =1

This is Fourier sine series of f(x) in (0,1)
2 nzx
b, :Tj f (x)sin = —dx
0

|
:IEIlOIC)x sin n7lrx i
0

200 nzX

Ix5|anx

nzXx

200 4][ n;zx}'
=——| — || xcos——
1 \nz I

=£[I cosnz —0]
Inz

_ —200(-1)"

nx

— @( 1)n+1

Sub by in (3)
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= 200 nax -emAt
u(x,t) = — (-D)"tsin—"e !
(x,t) nZ:l: s (-1) I

a’nz?t

200 & (D)™ . nax -
Z sin e
T 5 n I

u(x,t) =

This is the required temperature.
The ends A and B of a rod | cm long have their temperatures kept at 30°C and 80°C, until steady state

conditions prevail. The temperature of the end B is suddenly reduced to 60°C and that of A is increased to
40°C . Find the steady state temperature distribution in the rod after time t.

Solution:
.. au o%u k
The 1-D heat equation is — = a”— where o =—
ot OX pC

To find steady state solution 1 u(x,0) = u(x)

ou
In steady state t=0 then r =0

2 2
ou_g L du_g

2 0U_ _ du
ox? dx?

oxt
Integrating twice we get |U(X) = AX+B|————(0)

The boundary conditions are i) u(0)=30"C i) u(l)=80"C

0=

Applying condn (i) in (1)
()= u(0)=0+B=[B =30]
Sub B in (1)

u(x) = Ax+30————(2)

Applying condn (ii) in (2)

u(l)=Al+30=80=Al+30 =|A=""

Sub A in (2)
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u(x):5(l)—x+30: f(x)

This u(x) will be treated as the initial conditionsu(x,0) = f (x)

To find steady state solution 2 u(x,0) = u(x)

Integrating twice we get |U,(X) = AX+ B|————(3)

The boundary conditions are i) u,(0) =40"C i) u,(I)=60"C
Applying condn (i) in (3)

(3)=u,(0) =0+ B =[B =40]

Sub B in (1)

U, (x) = Ax+40—-———(4)

Applying condn (ii) in (4)

u()=Al+40=60=Al+40 = |A=—

Sub A in (2)

ut(x):¥+40

This u,(x) will be treated as the transient state temperature.
The required temperature is

u(x,t) =, (x,0) +( Acos px+Bsin px)Ce™ "
20x _ Catpit
U(X,t)=|—+40+(Acos px + Bsin px)Ce™ P! ————— (5)

The boundary and initial conditions are
i) u(0,t)=40"C

i) u(l,t) =60°"C
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i) u(x,0) = f(x):5(|)—x+30, 0<x<l

Apply condn (i) in (5)

2

u(0,t) =0+40+( Acos0+Bsin O)Ce‘”‘z" ‘
40=0+40+(AcosO+,Bs'mﬁ)Ce‘“z"z‘
0=ACe "™

This C#0,e“ P10 .-
Sub Ain (5)
u(x,t) =¥+40+(Bsin px)Ce™ P (6)

Apply condn (ii) in (6)

u(l,t) =20+40+(Bsin pI)Ce*"zpzt
60 = 20+40+(Bsin pl)Ce™™"
0=(Bsin pl)Ce™ "

B=0,C=0,e“" %0 ~sinpl=0

sinpl=sinnz = pl=nr = p:T

Sub p in (6)

a’nz?t

u(x,t):$+40+(85in@j(3e |

a’n?z?t

u(x,t)=¥+40+blsin$e ! BC=b

The most general solution is
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a’n?rt

u(x, t)—T+4O+Zb sin Txe [ (7)

=1
Apply condn (iii) in (7)
u(x, 0)_$+4O+Zbn sin@e‘0

n=1
$+3o Z?X 40+Zb sin 7sz
3% 0= Zb sin nTX

n=1

To find bx:

|
b, =%jf(x)sin%x
0

|
_2 j(ﬁ_mj in "Xy
I |

r I
nzX

—COS——
_2 [%_mj e

-2
- —=[(20)cosnz +10]
-20
b, =——[ 21" +1]
Sub by in (7)
0 a?nr?t
u(x,t) = 20X Z [2(—1)n +1Jsin@e !

n=1
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u(x,t) :¥+40—§

0

2

7T a1

1[2(—1)” +1]sin

nzx -
—2¢€

a®n’rt
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UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL
EQUATIONS

3.3 TWO DIMENSIONAL HEAT EQUATION (LAPLACE EQUATION)

o’u  o%u

1) The 2-D heat equation: —-+-—-=0
oxt oy

2

2) The various possible solution of 2-D heat equation is

1) u(x ,y)= (A cospx + Bsinpx) (Ce P + e "»)

i) u(x ,y) = (AeP* + Be ~P) (C cospy + sin py)
i) u(x ,y) = (Ax+B) (Cy+D)

1.

A square plate is bounded by the lines x=0,x =1,y =0and y =1, its faces are insulated. The temperature
along upper horizontal edge is given by u = x(I —x) when 0 < x < |. while the other three edges are kept at

0°C. Find steady state solution in the plate.

Solution:
The 2-D heat equation is
o°u  d%u
o oy P py
The Boundary conditions are u=x(/—x)
i) u(0,y)=0 y=I
i) u(l,y)=0
iii) u(x,0)=0
1K _
iv) U 1) = F(X) =x(l —x), 0<x<I - x=l
Here the non zero temperature is parallel to x axis then the 0<C
Correct solution is >
u(x, y) = (/Acos px+ Bsin px)(Cepy + De*”y) ————— @ y=0 o< X

Apply condn (i) in (1)

u(0,y) = (Acos0+ Bsin 0)(Cepy + De‘py)
0=A(Ce” +De ™)

Here Ce™ +De ™ =0 .. A=0

Sub Aiin (1)

u(x,y) = (Bsin px)(Cepy + De‘py) ————— (2)
Apply condn (ii) in (2)

u(l,y) =(Bsin pl)(Ce™ +De™)

0=(Bsin pl)(Ce” +De ™)

Here Ce™ +De™ #0,B=0 ..sinpl=0
nz

sinpl=sinnz = pl=nz = p:T

Sub pin (2)
nry _nmy
u(x,y)z(Bsin#j(Ce' + De ! J ————— (3)
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Apply condn (iii) in (3)
u(x,0) = (Bsmnl—j(Ce +De”)

0= [Bsm@j(c +D)

Here sin@;«to,BiO, .C+D=0 =>D=-C
Sub D =-C in (3)

nzy _nzy
u(x,y) = (Bsm@ (Ce' —Ce ! j

nry  _nry
u(x,y):BCsin@ e! —e ! j

0 A0
u(x,Y)zBCsin@ 2sinh nTy) -8 2e =sinh @

u(x,y)=b,sin I—smh nTy let 2BC =D,
The most general Solution is

nry
u(x,y) = Zb sstmh T (4)
Apply condn (iv) in (4)

u(x,1)=>"b,sin @sinh nz

n=1
- . nzx .
f(x)=>B, smli let B, =b, sinhnz
This is Fourier sine series in(0,1)

I
B, =%If(x)sin$dx
0

2! . hmx
=—| x(I = x)sin——dx
I-([ ( ) |

- |
2| =2I°  nmx
=| ——cos
| N | 0

3
= I:j—la[cos nm—cosO]
T

4)? ,
33 [(_1) _1}

b, sinhnm = —
n
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—i[(—l)”—l]
" nPrlsinhnr
0 if nis even
b = 2
! % if n is odd
n°rm” sinh nm
Sub by in (4)
< 81° . nzX . nry
u(x,y) = - sin sinh
(x.y) n:%:s__, n’z°sinhnz I I
812 & 1 . nzX . N
u(x,y)=— T sin—~sinh Ty
70 ni3s.n°sinhnz I

2. | A rectangular plate with insulated surface is 20cm wide and so long compared to its width that it may be
considered infinite in length without introducing appreciable error. The temperature at short edge x=0 is

10y, 0<y<10
10(20-vy), 10<y<20
0°C. Find the steady state temperature distribution in the plate.

Solution:
The 2-D heat equation is

u, Fu_, ty
ox2 ayz
The Boundary conditions are y=20 0T
i) u(x,00=0

i) u(x,20) =0 {
i) u(co, y) =0 -0 X=o0
. {10y, 0<y<10 0<C
iv)u(0,y)=

10(20—y), 10<y<20

The correct solution is 0T

u(x, y) :(Aepx +Be ™ )(C cos py + Dsin py) ————— ()]

Apply condn (i) in (1)

u(x,0) =(Ae™ +Be™ )(Ccos0+Dsin0)

0=(Ae™ +Be™)C

Here (Ae™ +Be™™)=0,

Sub C in (1)

u(x, y) =(Ae™ +Be ™™ )(Dsin py) ————- )
Apply condn (ii) in (2)

u(x,20) =( Ae™ +Be ™ )(Dsin20p)

0=(Ae™ +Be ™ )(Dsin20p)
Here (Aepx + Be*px);to, D=0

given by U = { and the two long edges as well as the other short edges are kept at

xv

=.8in20p=0=sin20p=sinnz = 20p=nzr =|p=—
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Sub p in (2)
(2) =u(xy) = (Aen;’X + Ben;:J(Dsm n;oyj _____ A3)
Apply codn (iii) in (3)
- . nzy
u(ee,y) =(Ae” + Be )(Dsmz—oj

O=(Ae°°)(Dsm ”yj

20
temperature e* #0,D =0 ,sin%;to,
sub A'in (3)

_[ge® nzy
©)] :u(x,y)—[Be ](Dsm 20 j

nzXx

u(x, y):ibn sinVYe 0 ________ (4)
n-1 20
Apply condn (iv) in (4)

u(0,y)=>b, sm%e
n=1

= . nry
f(y)=) b,sin—=
nZ:;‘ 20

This is half range sine series in (0,20)
|
b, :EJ'f(y)ssian—ydy

nry
f sin—=d
20 (y) 20 v

Yy ry
10 sm d 10(20 - sm d
D ysin =2 y+I (20— y)sin =2 y}

nry Ty
sin—=d 20— sm d
{Iy 2 y+I( y)sin =2 y}

10

20

200  nz 400 . nz 200  nz 400 . nx

=——C0S—/—+——SIN—+—C0S——+——SIN——

nz 2 nr 2 nz 2  nz’ 2

~|[ -2 10)cos ™ + 240 in ") 0y | 4| (0)-[ - 22 10y cos -
|\ nz 2 nrx 2 nz 2

nzy nzy nzy nzy
—COSE —smE —COSE —smW
=| (Y) r - T +| (20-y) T -= W
20 400 0 20 400 0
r 10 20
= —E(y)cos nzy | 42002 sin Y +|:—§(20— y)cos nzy _ 400 sin n;ry}
nz 20 n°rz 20 |, nz 2 20

—400 sin n—”j
n2z? 2
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Sub by in (4)

800 1

800 . nzy - (i) -0

= . nhr -
u(x,y)= > ——sin—-sin—-=-e 1
(%) Z n’z? 2 20

n=1 n=1

nzx

nzy

. N7 o
—sin—sin—=e¢ 1
n 2

20

An infinitely long rectangular plate is of width 10cm. The temperature along the short edge y=0 is given by

U 20x, 0<x<5
" 120(10-x), 5<x<10
temperature at any point on it.

Solution: 4

The 2-D heat equation is

o’u  d%u

—+—=0

aXZ ay2

The Boundary conditions are
i)u(0,y)=0

i u(0,y)=0

iii) u(x,0)=0

0T
x=0

Ay 0<C
=lo'e}

ANANANANN

y=0

x=10
0T

. If all the other edges are kept at zero temperature. Find the steady state

0<x<5

. 20x,
'V)U(X’O):{ 5<x<10

20(10 - X),

Here the non zero boundary condition is parallel to x axis then
The correct solution is

u(x, y) =(Acos px+Bsin px)(Ce™ + De ™ ) ————— 0
Apply condn (i) in (1)

u(0,y) = (Acos0+ Bsin0)(Ce™ + De ™)

0= A(Cepy + De’py)

Here (Cepy +De ™)=0, .[A=0

Sub Cin (1)

u(x,y) =(Bsin px)(Ce™ + De ™) ————— 2)

Apply condn (ii) in (2)

u(l0, y) =(Bsin10p)(Cepy + De‘py)
0=(Bsin10p)(Ce™ + De ™)

Here B0,(Ce™ +De ™ )0 ~.sin10p=0

-.sin10p=0=sinl0p=sinnz =10p=nzr = p::_g
Sub pin (2)

nzy _nzy
U(X,y)ZKBSin%j[Ce 10 4 De 10) _____ 3)

Apply codn (iii) in (3)
u(X,0) = (Bsin nlLOXJ(Ce* + De‘”)

O=(Bsin%)(Ce‘” + De”)

Here B #0,e” ;tO,sin%;tO -C=0

u(x,0) = 20x,
20010

0<y<s

x)5<y<10

XV
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sub C in (3)
. NzX -y
, =B 7 || De w0
u(x,y) ( sin 0 j[ e J

X _nzy
b,s n e
u(x,y) = Z i 0
Apply condn (iv) in (4)
u(x,0) = Zb sin 12X

—O

TX

n
f(x)= Zb sin—— 0

This is half range sine series in (0,10)

—If(x)smmdx

=—j f(x)sin—odx

5
_[20xsm—dx+j20(10 x)sm—xdx
10 0 20

nzXx

nzX

0 5
— xsm—dx 10 — x)sin ——dx
0 { +Jao-xsin"%

15

nzx . NzX
—cosW —slnW
=2 (X) nl _(1) nzﬂ_z
10 100
[ 10 nzx 100 . nzx
=27| ——(x)cos >— Sin
| Nz 10 n°z 10
=2{ (—E(S)cosn—”
1\ nz
[ 50 nz 100 . nz 50
=2| ——C0S——+——Sin—-+—
nz 2 nrx nz
400 . nx
b, = Wsm—
Sub by in (4)
B _nzy
u(x, y)=Z—42002 sin X sin X ¢ 10
n°z

n=:

o

=

|

Nz X . nxmX
—cosW —smF
+| (10-x) -2 5
nz n“z
10 100 5
10
N —E(lo _x)cos nzx 12002 N nzx
nz 10 nz 10 |,

u(x, y)_47

nzy
nzX e*ﬁ
10

An infinite long rectangular plate with insulated surfaces is 10 cm wide. The two long edges and one short

edge are kept at 0°C, while the other short edge x = 0 is kept at temperatureu ={

Find the steady state temperature distribution in the plate.

Solution:
The 2-D heat equation is

0<y<5H
5<y<10

20y,
20(10-y),
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o’u  d%u
— +—=0
ox~ oy
The Boundary conditions are
i) u(x,00=0
i) u(x,10)=0
i) u(oo, y) =0
) u(O,y):{Zoy’ 0<y<5
20(10—-vy), 5<y<10
The correct solution is
u(x, y) :(AepX + Be‘px)(C cos py + Dsin py) ————— )]
Apply condn (i) in (1)
u(x, 0) :(Aepx +Be ™)(Ccos0+Dsin0)
0=(Ae™ +Be™)C
Here (Aepx + Be‘px);éo, ~C=0
Sub C in (1)
u(x, y) =(Ae™ + Be‘px)(Dsin py) ————— 2)
Apply condn (ii) in (2)
u(x,10) =(Ae™ + Be ™ )(Dsin10p)
0=(Ae™ +Be ™ )(Dsin10p)

Here (Aepx + Be*px);to, D=0

..8inl0p=0 =sinl0p=0sinnzr =10p=nrx :>p=2—gr
Sub pin (2)
(2) =u(x,y) =(Ae10 + Be_mJ(Dsin nlioyj ————— ©))

Apply codn (iii) in (3)
v - . Ny
U(oo, y) =( Ae” + Be Dsin——
(o0, y) =( )[ 10]
O=(Ae°°)(Dsinmj
10
temperature e =0,D =0 ,Sin%;ﬁO, ~A=0

sub A'in (3)
(3) =u(x,y) ={Ben1ﬁ0xj[Dsin %j

U(X, y):ibn S|nweiﬁ ________ (4)
h-1 10
Apply condn (iv) in (4)
nzy

u(0,y)=">_b, sin Te’o
n=1

= . Ny
f(y)=) b,sin—-
2SNy,

Which is half range sine series in (0,10)
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2| . hry
b =—| f(y)ssin—=d
! j (y)ssin=">dy

jf(y)ssm—dy

nry . ¢ nry
=—||20ysin—=d 20(10 — y)sin—=-d
10“ ysin = y+j (10— y)sin =+ y}

d
o

b, Dysm 10 dy+I(10 y)sin y

5

nzy . nzry nzy
20 —cosF —smW —cosF
= -@ 10— X)| ——— |- (-1
|| Y [ @ o +| (10-Xx) [ (-1
10 100 0 10
-50 nz 100 nz 50 nz 100 . n«x
nz Nz nz n°z 2
800 . n«
b, = Wsm—
Sub by in (4)
=800 . nz . nmy =
u(x, sin— sin—=2¢e 10
(x.y)= ;n 22 2 10
u(x, y)_@ izsmn—” sin 7Y ¢ 10
ﬂ' nfln 2 10

nry

—sin—=
10

2_2
n“rz

100

10

5
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UNIT - IV FOURIER TRANSFORMS

4.1 FOURIER TRANSFORMS PAIR

1. State Fourier integral theorem.
Solution :

If f (X) is piecewise continuous, differentiable and absolutely integrable in (— 0, oo) then
o0 00 .
f(x)= 1 [ Tf(t) eisX 1) s
27 oo

2. If F(s) is the Fourier transform of f (x), then show that F{f (x —a)}=e" F(s)
Solution :
Given F [ f (X)] =F(s)
The Fourier Transform of f(x) is

Ff(x)]=F(s)= % T f (x)e™dx

f (x—a)e™dx

F[f(x—a)]= J_£

Let Xx—a=t = dx=dt

OJ? (t)els(t+a)dt

—g's J'

F[f(x— a)]:e'aSF [f (0]

3. State Convolution theorem in Fourier Transform.
Solution :

The Fourier transform of the convolution of f (X) and g(x) is the product of their Fourier

transforms .

ie. F[ f(x)*g(x)|=F[f(Q]F[9(0)]=F(s)G(s)
4 If F{f(x)} = F(s), then find F{e™ f (x).

Solution :

f (t)e'dt

F[f(x)]= F(s)—f? f (x)e!SX dx

F[eiaXf(x)]zT [ e (x)e¥dxm L [ f(x)elSK+idXgy

27zoo

f f (X)ei(s+a)xdx

:E_Oo
F[ei“f(x)} =F(s+a)

5.  State and prove the change of scale property of Fourier Transform.
Statement:

If F[f(x)]=F(s) then F [f(ax)] f (ax) e dx

L]
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Solution :
Given F [ f (X)] =F(s)
The Fourier Transform of f(x) is

F[f(x)]=F(s) =% T  (x)e™dx

F[f(ax)]= f (ax) e dx

Ifa>0 Putax=t = adx:dt:>dx:ﬂ when x=—0 =>t=—0 and Xx=wo=t=w

F[f(ax)] :%Tw () ei@t%

F[ f(ax)]= é%z f(t) oo L F(ij -(1)

Ifa<0 Putax=t, adx=dt,dx:d—
a

when Xx=—o0 =t=0w and Xx=o=t=—

(o) dt

—

= F[ f(ax

)]= \/—J.f(t) rjf(t)e“%:ép(f) ()

From (1) & (2) we get F(f(ax))_i ( J a=0

1
6. Find the Fourier Sine transform of —.
X

Solution :
The Fourier Sine Transform of f(x) is

Fs[f(x)]=Fs(S)=\/ZTf(x)sinsxdx
72-0
Fs(lj:\/zjsinsxdx
x) Nz 7 x
(J \/7"-smt \/7(5)_\/2 “Tsinmxdx_z
2) N2 "3 ox 2

PART-B
. . 1.[x/<a 2sinx .
1. Find the Fourier transforms of f (Xx)= and hence evaluate_[—dx, Using Parseval’s
0,|x>a 0 X
sin t T
identity, =—,
2

1, —-a<x<a

0, otherwise
The Fourier transform f(x) is

Solution: Given f (X)={
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F[f()]=F(s) :% T f(x)e™adx .

F(s)= %U 0e™dx+ i 1e**dx +T0 e‘sxdx}

cossx+isin sx) dx "+ € =Cossx+isinsx

ﬁ\

ﬁ\

{J.cossxdx+|_|'5| xdx} sinsxisanoddfn:>_[sinsxdx=0

—a

=— 2'[ cos sx dx

-

242 {sin sx}a _ 2 {sin as_o}

7| s
F(s):\/%{sir;as}

Deduction: 1
By inverse Fourier transform of F(s).

f(x) =

T

% TF(s)e‘Sde
_T]ﬁ(f3|nasj RN
T

\/Z]‘lsm
_ )fi E} smas cossx)ds—W]

as

j (cossx—isinsx)ds

f(x )——I( )cossxds -.(Smasjsinsx is an odd fn = J‘(Slnas)sinsxdx:o
S o\ S
j sinas cossxds = - f (x)
s 2
Putx=0
t(sinas 7
cos(0 )ds==f(0
(%5 Joos(0)ds=Z £ O
[[=)as=2@ - fo=1=f(©0)=1
oL S 2

Put a=1 and s=x we get

e
X 2

0

(ii) By Parseval’s identity,

[F@Pax= [[t00]ds
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T \/zsinsa zdS:i(l)de
ANz s :

2 = [sinsa

SiES =

2 2(sinsa

( j ds=[a—(-a)]

T %

2 _=(sinsa’)

—Zj( j ds = Za

T

S
0

I(sin saj _Z/( _%a
s

Put a =1 & s=t we get,

°°sm t (smt

0

_ ) x; if [x|<a
Find the Fourier transform of f(x) = . .
0; if[x>a

X, —a<X<a

0, otherwise
The Fourier transform f(x) is

F[f(0]=F(s)= % T F (x)edx

[ I 0e™dx + J. X e dx + IO e'Sde}

—_— '[ X(cos sx +1isin sx) dx

J__a

[ xc xdx+ijxsinsxdx] s Xcossxisanodd fn .'.Ixcossxdx:O

Solution: Given f (X):{

F(s)=

ﬁ\

V —a —a
a a
= T2 Xsin sx dx ‘. Xsin x isaneven function = Ixsin sxdx=2J.xsin sx dx
2 -a 0

\/\/:\/\/:{( )( cossxj (1)( smsxﬂ0

[ XCOSSX  Sin sx}a
- +
0

3N

s s?

R acossa smsaj (0)}
S S

F(5)=i\/z[(3i” Sa—ezlscossaﬂ
7 S

SHEN)
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3.

a—|x; if |x<a _
Find the Fourier transform of f (x) ={0 | | | | is \/Z(l cosasj' Hence deduce that (i)
; T

if [x>a>0 ?
w0/ s 4
j(s'”t] dt =" (ii)j(ﬁ] dt =2
t 20 3

S
0

_ _ a—|x|, -a<x<a
Solution: Given f (x)= .
0, otherwise

The Fourier transform f (x) is

F[f(x)]=F(s)= % T F(x)e™dx .

D 0.edx + I x| 'Sxdx+I0 e'sxdx}

F(s)=

ﬁ\

—00

—=— | (a—|x])(cos sx+isin sx) dx
- -l

a

Tﬁ —[x|)cos sx dx+W]

(a—|x|)sin sxisanodd fn= T (a—|x|)sin sxdx=0

—a

[

=—2I(a—x)cossx dx
0

ff{

271'

]
¢
-

. ,(as

smz(
F(s) =2 /E —22 -.-sinzezﬂ —1-c0s@ = 2sin? 9 here 6= 2
T 2 2 2

N
I\J?‘
N

%am k|

S

Deduction: 1
By inverse Fourier transform of F(s).

F(x) = % T F(s)e ds
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. o as
1t 2] (zj .
=—— || 2,|—| —=—=||e"ds
\/272"[0 T s?

(as)Y

2 [27% Sm(zj
=—— = || —=21 (cossx—isinsx)ds
%,/ﬁ_fw | ( )

Put x=0

)]
.| sin
! : (cos0)ds :% f (0)

2

as
. sm(zj .
[ - ds="2 2w f()=a-|x= f(0)=a
0

Put a=1 and s=t get

sin(sJ 2
2 ds _ S ds
4

put—=t = —=dt
S 2 2

Oy 3

sint)’ T
— | 2dt==
2t 4

%(sint ) Vid
NEDPE
t 2

0

O ey 8

(i1) By Parseval’s identity,
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[F@Pax= [[to0]ds

= - _2

. Z(as)
sin?| &2 .
o 2| —\2) ds:j(a—\x\)zdx

T S —a

é'—aS
N

8 sm(asj . sinz()
—2[ _\2) ds:zj(a—x)2 dx -.-(a—\x\)zande areeven functions

ds=
S 3x8

O ey 8
]
K,
>
I/~
N g
.
2
QD
w
S

Put a =1 & s=t we get,

- -4
. sin(zj s ds
[|—%2] ds=2 put> =t = — =dt
2| s 24 2 2

cx:: H 4 ]

I Lnt} 2dt= "

2t 4

2
T[ﬂ} dt=".
t 3

0

1-]x, [x|<1

and hence find the value of
0, |x=>1

Find the Fourier transform of f (X) ={
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w = 2 w = 4
sin“t .. rsin®t
i >—dt. (i) I

.t4

dt.

0
Solution:

Hint : In the previous problem a=1.

. . . a’-x’, |¥<a
Find the Fourier transform of f(x): 0 |x|>a and hence evaluate
© s - © /- 2
sint—tcost T sint —tcost T
i - dt== i - | dt==—
()l( t2 j 4 ()l( t3 j 15
. ) a?—-x?, —a<x<a
Solution: Given f (x)= )
0, otherwise
The Fourier transform of f(x) is
1 7 .
FIf(X)|=F(s)=— | f(x)e™dx.
[f()]=F(s) NG j (x)
1 & a . <
F(s)=—=—| | 0e™dx+ [ (a*—x*)e™dx+ Oe'sxdx}
| formae - x)erons
1 3, .
— | (a®=-x* cossx+|smsx dx
= 7= J ( )( )
—1_ jl a’—-x* cossx dx+|j in sx dx
—a
'.'(az—xz)sin sxisanodd fn .- I(az—xz)sin sxdx =0
:LZj(az—xz)cossxdx
N2m
:\/5«/5 (22 —x X\ (2x )( cossxj+(_2)(—5|rslsxj
NN s =l
2 [ xcossx _sinsx
==2\— 2 3
| s s
2 | ( acossa smsa
-7 (= o
7|\ s s
2 [ ascossa—sin sa}
-2 1= .
7| S
F(s) =2\/z{sm sa—iscossa}
Via S
Deduction: 1

By inverse Fourier transform of F(s).

F(x) = % T F(s)e " ds

B T sm sa— as C0SSA || _isc g
__\/_ /
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2 \/ET[sinsa—ascos
N2m N7, s

Sa}(cossx—isin sx)ds

2| 7| sinsa—ascossa . 7| sinsa—ascoss -
—;Dl x }(COSSX)dS_M/ﬂm}

{sm sa— as cos sa}

f()——j

[sinsa—ascossa
g3

'—.8

U o
T

ut x=0
[sinsa—ascossa |
SS

(cos0)ds

sinsa—ascossa |
SS

|
:

Put a=1 and s=t get
| sint—tcost
el AN _7
t 4

(i1) By Parseval’s identity,

T[F(s)]z ds= _T[f(x)]zdx

o[

ZT {sin sa—
0

S

—00

0

J

—00

8

T

2

T

sinsa —ascossa
SS

ascossa
3

cos sxds

o
} ds—

sinsa—ascossa |

sin sa—ascossa
53

}(sin sx)isan odd function

cossxds :% f(x)

—f(O)

cf(x)=a*—x*= f(0)=a’

ja‘(az—xz)zdx

—a

a’x® + x“)dx

Zz(a“

3

(a2 =) and[

[sinsa—ascossa |’
S3

S

ds

O 3 8

[sinsa—ascossa |
S3

ds=

O 3y 8

[sinsa—ascossa |
83

ds

N[0 N[ N[

O =38

7| sinsa—ascossa
| Jo=-(

Puta=1&s= tweget

J[smt tcost} dgie
0 15

8a

i)

} areeven functions

)
|

2X3

5

2a X

a‘x—

5

2a
a’-— 4+

5
35j

15a° —10a’ + 3a°
15

T
X —

8

a

15
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6. _ _ 1-x2; if |x|<1
Find the Fourier transform of f (x) = ) :
;o if x=1

2

Hence show that (i)f[sins—scosﬂcos@d 21 and >I (xcos x— s.nx) o\
0 S

1-x*, -1l<x<1
0, otherwise
The Fourier transform f(x) is

F[f(0]=F(s)= % T F (x)edx

Solution: Given f (x):{

F(s)zf{ j0e'Sde+ j (1-x*)e™dx+ jo e's"dx}

j‘(l— X* ) (cos sx +isin sx) dx
]

{n) e

sinsx is anodd fn .- I 1 X )sm sxdx =0
]

—~
|_\
H\_/

N

j(l xz)cos sxdx
0

\/27r
A 1
\/5\/5 (2% cossxj (_2)(—S|r;sxj
Al =
2 [ xcossx smsx}
:—2 —_ 2
7| s
_ 2 (cogs sms) (O)}
7|Us
\/5 scoss—sins}
=2 5| ==
| s
F(s) :2\/§[sms—sscoss}
T s
Deduction: 1

By inverse Fourier transform of F(s).
1 7 i
f(X)=——— | F(s)e"™ds
iz ]
K SiNS—SC0SS || i
e

:_\/:I[m}(cossx—isinsx)ds
Ver Nzol ¢



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

2| 7| sins—scoss . 7| sins—scoss | —
—;[L[S—g}(cossx)ds—%ﬁm}

f(x )__I[sms Scoss}cossxds

3

wn

j{sms—scoss

0

1
Put X=—
2

“[sins—scoss

3 }(sin sx)isan odd function
S

}cossxds:%f(x)

sins— scoss S T 1
[ }cos(—jds:— f (—J
2 4 2

]

0

]‘i{sms scoss} os(ijds:
0 2

T 3
x_

i) =1-X*=f 1:—£:§
4 4 2 4 4

SinsS—scoss S 3
cos| — |ds =—
{ } (ZJ 16

7T

[F(9)] ds_j f (x)] 2dx

—00

0
(ii) By Parseval’s identity,

T{z E[SII’]S;?COSSH ds=j(1—x2)2dx
b T °

3

o [ e 2 1
§2J [smsa—ascossa} ds:2j(l—2x2 N x“)dx
0

S

3

. 2
) Sins—scoss .
(1— x2) and{ } areaneven functions

S

8=[sins—scoss | 2%¢ XY
—[| = ds= | x4
ToL S 3 5 0
§I SII’IS—38COSS ds— 1_Z+EJ
Tol S i 3 5

§T _sins—scoss_zds_ 15—10+3j
ToL s® i 15

t| sins—scoss b3
(it
15) 8

0
Put s= tweget

(sint— tcost)

O ey 8
[EEY
(@a]
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4.2 FOURIER SINE AND COSINE TRANSFORMS

X, for 0<x<1
Find the Fourier cosine and sine transform of f(x)=92-x, forl<x<2.
Solution: 0, for x> 2

X, for 0O<x<1
Given f(x)=42-x, forl<x<?2

0, for x>2
The Fourier Cosine transform of f(x) is

F[f(X)]=F.(s) =\/%T f (x) cos sxdx .

ﬁxcossxdx+'2[(2x)cossxdx+if90€ﬁx/dx}
()(smst n —cgssxﬂ {(2_ )(smsxj a 1)( cossxﬂ}

[ xsinsx COSSX | sSinsx ) COSSX ?
{ +— {(2 x)( J > } }
S s* S X

[(sins coss 1 c0s2s sins coss
(5 o2 o) -]
S S S S S S

sin COSS cos2s si COSS

s? 32 s? s s?

F.(s

c

):_ 2

/4 S
The Fourier sine transform of f(x) is

F[f()]=F(s)= \/z]o f (x)sin sx dx.

2 {ZCOSS—COSZS—l}

2ot o ok ]|
el
:@ﬂ%f‘?ﬂ-@ﬂ Ko—“zzsj—(—w;s—Si:sm

Fs (S) = ;

s?
2 | 2sins—sin2s
S2




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Find Fourier transform of e_a‘x‘ and hence deduce that
¢ cos xt Vs
@ [

_ T al al 2 2as
Zdt="—e (b)F[xe } \/7(3 +a)2.

The Fourier transform of f(x) is

F[f(0]=F(s)= % T F (x)edx .

1

g (cossx+isin sx)dx
N2 s,

m{je“cossxdwrlj g sxdx}

e ™ sinsx is anodd fn .. _[ e M sinsxdx =0

—00

=——2|e * cossxdx
N2

\/\/:\/\/: '[ e ** cossx dx

F(s) = F[e”}:\/%[azisz} '.'Te‘“ cosbxdx =
0

Deduction (a):
By inverse Fourier transform of F(s) is

f(x)= \/_ jF(s)e"Sde

e e
:E\/;L[aersz}(cossx—isin sx)ds

_%h@{azisz}(cossx)ds—W}
2a ¢ 1
fix) =22
) 7z0[a2+s2
-!(a2+

1 T
cossxds =— f(x
szj 2a )

a
—— herea=ab=s
a“+b

}cossxds ( 21 2)(sinsx) is an odd function
a’+s

J‘ COSSX _ e,a‘x‘
) a? +s?

Put s=t

J' costx dt=£ —alx
t?+a’  2a

Deduction (b):
By Property
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F[xf(x)]:-ii[F(s)]
ds
T
F[xe }_ IdsF(e )
4 F a
~ ds| V7 a?+s?
:_ia\ﬁ _—12(0+25) :i\ﬁﬂz
3 (a2+sz) ”(a2+sz)

_alx .2 2as
Do

Find the Fourier sine and cosine transform of e ®,a > 0 and deduce that

s T
|)_[ —sinsxdx=—e ™.
y S +a 2

ax

o0 1 T o

||)f ;—— Cossxdx=——e
s“+a 2a

0

Solution:
The Fourier sine transform of f(x) is

F[f(X)]=F(s)= \/%T f (x)sin sx dx.

:\/zje‘aX sin sx dx
7[0

2 S I ) b
FGS)=F|e®™|=.]— e sinbxdx= herea=a;b=s
() S[ ] ﬁ{a2+sz} ! a’ +b?

The Fourier cosine transform of f(x) is

F[f(X)]=F.(s) =\/%T f (x) cos sxdx .

2%
= /—Ie # cos sx dx
7[0

2 a ° a
FG)=F|e™® |=,[— e cosbxdx= herea=a;b=s
() C[ ] \/;[a%sz} -([ a’+b?

The inverse Fourier sine transform of F(S) is

f(x)= \/%.T f (x)sin sxdx
:\/ZT\/Z{ ZS 2}sinsxdx
roVmla®+s

2% S .
=— sin sx dx
ﬂg[aﬂsz}
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s : V3
j[ 5 2}smsxdx:—
oLa’ +s 2

f (%)

I S . T
I — |sinsxdx="—-e™
oLa“+s 2

The inverse Fourier Cosine transform of F_(s) is

f(x)= \/ET f (x) cos sx dx

N{M

=—||= Cos sx dx
myla?+s?

oa T
j >— |cossxdx =
oLa”+s 2

f(X)

° a Va
j TR cossxdx=-—e
oLa’+s 2a

—ax

Find the Fourier sine and cosine transform of e *,a> 0 and hence find F, [xe

Solution:
The Fourier sine transform

F[f(X)]=F(s)= \/%T f (x)sin sx dx.

:\/zj'eax sin sx dx
7[0

f(x) is

} cos sx dx

Fs(s)=FS[eax]=\/%{

S
a’+s

i

The Fourier cosine transform f(x) is

F[f()]=F.(5) =\/%T f (x)cossxdx .

= \/Z[e"sIX cos sx dx
7[0

Fc(s)=Fc[eaX]=\/§[

a
a’+s

4

We know that
i) F, [xf (x)] =—

00

0

o0

0

SR [f(x)]}———[F )]

a
2
Tlpa +s

]

°.-Ie’ax sinbxdx=

a2

+b

°.-Ie*aX cosbxdx=———
a“+b

> herea=ab=s

herea=a;b=s

‘aX] and F, [xe

«
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—a 2| L (0+25)
T (a +s )

ax 2 2as
F[xe ]z - —(a2+82)2

i) F,[xf (x)]= d{ F[f(x )]} [F(s)]

Fs[xe-ﬂ%{e[eﬂ}=%{J§insz}}

2 |(a%+5%) (W) —s(0+2s)

4 (a2 +s2)2

2 |a%®+s?—2s?

” (a2 +s2)2

Cax 2| a*-s°
F[xe™]= - m

e—ax e—ax _e—bx
Find the Fourier sine transform of ——,a >0 and hence find F, {—}
X X

Solution:
The Fourier sine transform of f(x) is

Ff()]=F.(s)= \/%T f (x)sin sx dx

F{e—}\/zfe sin sx dx
X Ty X

Taking diff. on both sides w.r.to s

Ll F, £ =i EJ'Lsinsxdx
ds X ds |Vzy X
27e ™ 0
sinsx )dx
\/;-([ X 8s(| ) o
\/7'[ _ (cossx ) Xdx
0
\/7.f # cos sx dx
0
2Pl
ds X rla +s

Integrating on on both sides w.r.to s
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- Bl e
[0 Fes)| sl ()
e )

e[
Ll

e ()

T =)

—ax

Similarly, F, {e

Deduction:

F{e —e }
X

(1]

FS

. . . _ e g™
Find the Fourier cosine transform of ,a>0 and hence find F, [—}
X

X

Solution:
The Fourier cosine transform f(x) is

F[f()]=F.(s)= \/%T f (x) cos sx dx

F. {e_} \/7J.—cos sx dx
X

Taking diff. on both sides w.r.to s

a4 F, € d \/ﬁ[—cossxdx
ds X ds
27e ™ 0
= cos sx )dx
B o
\/7 —(—sinsx ) Xdx
= —\/:je‘aX sin sx dx
72-0
d g 2 S
P | s
rla +s

Integrating on on both sides w.r.to s

e aIE
:_\Ej{azisz}ds
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:_\/ZEI[ 225 2}ds
T2 a +s
21 2, .2 f'
:_\/;EIog(s +a) J’ f((:))dx:log[f(x)]
1 (sz+a2)

NP

1

. e¥—e™| 1 log s? +b?
° X or T sP+a’?

13. Using Parseval’s identity evaluate the following integrals.
Todx X

— 2) | ————dx, where a >0.

J-(xz+az)2 ) -([(x2+a2)2

0
Solution:

Assume f(x)=e™
The Fourier sine transform f(x) is

F[f(X)]=F(s)= \/%]O f (x)sin sx dx.

= \/zje‘ax sin sx dx
T 0

2 S I ) b
FGS)=F|e®™|=.]— e ®sinbxdx=——— herea=a;b=s
() S[ ] ﬁ{a2+sz} ! a’ +b?

The Fourier cosine transform f(x) is

F[f()]=F.(5) =\/%T f (x) cos sxdx .

= \/ZJ' e~ cos x dx
T 0
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(i) The Parseval’s identity for Fourier cosine transform is

T|FC (s) ds= T| f (x)| 2dx

T( %[aziszDz dszw(eax)z &

(e ~ds= ;; [0-1] e”=0e"=1
1 ds=

Ot—8 O=—8 O——m8 O3
[EEN

(a2 +sz)2 4a’

Put s=x we get

K 1 Vs
7 dx=—>

0 (a2 + x2) 4a

(ii) The Parseval’s identity for Fourier sine transform is

T| F.(s)[ ds= T| f (x)| 2dx

(a*+5?)

S ds=%[0-1] e”=0e°=1
(@rs)  4a

s’ ds= 2~

f2 a < a
F(S)=F |e™|=,]— e ™™ cosbxdx=———
c() c[ ] 7[[3.2+32:| !). a2+b

> herea=ab=s
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4.3 CONVOLUTION OF FOURIER TRANSFORM

X? 1 . :
Evaluate (a) I(x A )(x2+b2)dx (b)J' x A )(x2+ 2)dx using Fourier transforms.

Solution:
(@) Assume f(x)=e™® ;g(x)=e™
The Fourier sine transform f(x) is

F[f(X)]=F(s)= \/ZT f (x)sin sxdx.

\/7'[eax sin sx dx

F.(s)= F[ ] \/; > °.-Teaxsinbxdx= 2b > herea=ab=s

EE 5 a“+b

Similarly

G.(5)=F.[¢]- \/% o

We know that

T F (s)G,(s)ds = T f (x)g(x)dx

Tt |2 S 2 —ax y—bx
j\/;{aﬂsz}\} {b2+s }ds _[e e
0

2

EOO S :OO —ax—bx
A[(aZHZ)(szszg Jeeax
T _ﬁw —(a+b)x
!{ s’ +a”)(s® +b2)]ds_ de &

_ zTe(am)de
2

0
K e—(a+b)x @
2| ~(a+b) |,

St
=2(a+b)[e -e?],

N [0—1] e =0e"=1
2(a+b)

K s? o7
ﬂ(s2 +a’)(s’ erz)]dS ~ 2(a+b)

Put s=x we get
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K X2 7z
![(x2 +a’)(x? +b2)}dx_ 2(a+b)

(b) Assume f(x)=e ™ ;g(x)=e™
The Fourier cosine transform f(x) is

F[f()]=F.(s) =\/ZT f (x)cossxdx .

\/7J.e cos sx dx

F(s)=F.[e ]\/: 2 °.-'fe*axcosbxdx=% herea=a;b=s

| a®+s? | 5 a“+b

Similarly

Gc (S) = Fc I:eibx] = \/% b2 ?_52

We know that

T F.(s)G,(s)ds = T f (x)g(x)dx

TR AR O

Nrzla’+s’ b? +s° 0

2ab 1 - ds J'ea”xdx
(a%+5%)(b* +5° .

T
T (a+b)x
ﬂ(s%a s? +b? } 2ab'..e dx

J‘e (a+b)xdx

O =8

2ab
oz e—(a+b)x @
- 2ab| —(a+b) |

—T % _
=2ab(a+b)[e —e?],

= L[o_l]
2ab(a+b)

T 1 ds pd
| (s°+a%)(s*+b%) ~ 2ab(a+b)

Put s=x we get

]'i 1 dx — r
o| (X +a?)(x* +b?) ~ 2ab(a+h)
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o0

2
1 . .
- +9)X( 16) dx , (b) ;[(xz +1)(x2 +4) dx using Fourier transforms.

Evaluate (a) j
Solution:

(@) Assume f(x)=e™® ;g(x)=e™
The Fourier sine transform f(x) is

F[f()]=F(s)= \/z]o f (x)sin sx dx.

\/7.[e #sin sx dx

o0 o . b
F.(s)= F[ ] \/;L‘ +s} '.-Ie smbxdx:aerbz herea=a;b=s

0

Similarly

G,(s) =G, [e‘bsz\/%[bz isz}

We know that

T F (s)G,(s)ds = T f (x)g(x)dx

I\/%{azisz}\/?{b%s }ds_je e dx

E]E & ds :Tea“’xdx
7| (a°+5%)(b? +57) .
2

S _Em —(a+b)x
{(sz+a2)(sz+b2)]ds 2£e ax

— z]ge—(m-b)xdx
2

p e—(a+b)x *®
_E[—(aer) l

-7 o o
:2(a+b)[e ¢ ]0

— [0-1] e =0e"=1
2(a+b)

o —3

T s A
ﬂ(s%az)(subz)]ds_ 2(a+b) @

Put a=3 & b=4 and s=x we get
2

_ T
(1):4 (x +9)(x +16)dx_2(3+4)
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2
¢ X Vs

P PR R

(b) Assume f(x)=e™® ;g(x)=e™
The Fourier cosine transform f(x) is

F[f()]=F.(s) =\/ZT f (x)cossxdx .

\/7J.e cos sx dx

F(s)=F.[e™]= \/: aza . [ cosbxdx= 2 herea=ab=s
7[_

+5° 5 a“+b

Similarly

Gc (S) = Fc I:eibx] = \/% b2 :)_52

We know that

T F.(s)G,(s)ds = T f (x)g(x)dx

et o feee
Nrzla®+s’ b? +s°
2ab I 1 ds = J'e“"‘X ®*dx

0 a +5° b2+s 0

V4
J‘e-(a+b)xdx
s +a s +b2 " 2ab

e (a+b)xdx

O3

" 2ab I
- e—(a+b)x ®
" 2ab { —(a+b) l
- —0 07"
=——|e”"-e
2ab(a+b) [ ]O

-

" 2ab(a+b) [0-1]

]3 1 ds — T
o| (57 +a%)(s* +b?) 2ab(a+h)
Puta=1 & b=2s= xweget

@ :J X +1)(x +4) dx:2(1)(2)(1+2)

” ) T
;[(x2+1)(x2+4)dx_12
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4.4 SELF RECIPROCAL UNDER FOURIER TRANSFORM

Self-reciprocal:
If a transformation of a function f(x) is equal to f(s) then the function f(x) is called self-reciprocal.
—X2
Find the Fourier transform of e ** Hence prove that e 2 is self-reciprocal with respect to
Fourier Transforms.
Solution:
The Fourier transform f(x) is

F[f(0]=F(s)= % T f (e dx

21 =,
:%ﬂ];e aX+|sde
— 1 K f(azxz—isx) 5 5 :
_T”-Ie x (A-B)*=A"-2AB+B
L (] (;ﬂdx 2AB =isx
RS . A= B s
© (o) (Y Here A=ax, =5
=Lje ( ZaJ e(zaJ dX
21 =,
_ L) felal
2 J
Let u=ax—2'—z1 = du =adx :>dx=d;u - U:—ootoo
%C‘O —u? du
Nz I R
1 e4a Ie—u du et
T a2z
1 2

— 2 2 . .
e‘“12 Zje’” du --e™" isanevenfunction

“a2r

_ 1 eEZ\/; -.-je“zdu:ﬁ
a\/E\/Z 2 0 2
» 1 =
Fle®" |=—=e%® | —————— 1
-5 @
Deduction:

To prove € % is self-reciprocal

X2 s?
It is enough to prove that F {e 2 } ise 2
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PUt a=—= in (1)

2

. e 2 isself reciprocal.
,Xz
Find the Fourier transform of e 2 .

(or) Show that € 2 is self-reciprocal with respect to Fourier Transforms.

Solution:
Let f(x)= e 2

where a= i

2

Assume f(x)=e*
The Fourier transform f(x) is

F[f(x)]=F(s) =%T f (x)e™dx
-

I e—a X ISX dX

e a X +ISXdX

ISX

('D

I
s

is du
Let u:ax—z— =du=adx = dx=— ; U:—otow

a

L e
Ve

a

—00

(A-B)* = A*>-2AB + B?
2AB =isx
is

Here A=ax ,B=—
2a
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_ 1 gta’ je‘” du “rit=-1
av\2r .

= 1 gda’ 2_[ edu --e™ isanevenfunction
av2r 0

__ 1 eEZ\/; -.-je“zdu:ﬁ
a\/E\/Z 2 0 2

el L om |
F [e }_ a2 e @

Deduction:
_Xz

To prove € ? is self-reciprocal

x2 s?
It is enough to prove that F {e 2 } ise 2

Put a:% in (1)
AR SR
1
(&)
% %
F ézlzez

e 2 isself-reciprocal.

2,2
Find the Fourier cosine transform of e Hence find F, [xe’a X J
Solution:

Let f(X)=e "
The Fourier cosine transform f(x) is

F[f(X)]=F.(s)= \/g]o f (x) cos sx dx T f (x)dx :% T f (x)dx

200 242
= f—je‘” COS SX dx
7[0

= \/Z l I e cos sxdx
w27

F.[f(x)]=R.P.of N oS sX = R.P.of e
‘ 2\,

F[f00]=RP.oF —= [ e dx

2z
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=R.P.of

=R.P.of

ol

IS du
Let u=ax—2— = du=adx = dx=— ; u:—wtow
a
is?
eMIe—UZd_u
21 a

=R.P.of

7500

=R.P.of ———¢%’ J'e‘“ du “ri*=-1

\/_

2

5 2 2
e4az ZI eVdu --e
0

Q2
g o7

1
a2\ 2

1 =

F [e‘azxz J =——e*’
av2
Deduction:

F[xf ()] =

=R.P.of

a2

=R.P.of
2

-SRI

Il
—
N
~
w
N
—_

1,0<s<«1

Solve for f(x), the integral equation _f f(x)sinsxdx={2,1<s<2.

0,s>2
Solution:

(a—b)> =a*-2ab+b’
—2ab =isx

Here a=ax

_2axb=—isx =>b=—
2a

isan even function

Te‘“zdu = ﬁ
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1,0<s<1
leenjf(x)5|nsxdx_ 2,1<8<2 ————— @
0,s=2
We know that

F[f(X)] =\/%]2 f (x)sin sxdx

> (1,0<s<1 >
f(x)=\/:Fs1 2,1<s<2 F‘l[Fs(s)]zf(x):\/:JFs(s)sinsxds
T T
0,s>2 0
2 ©
f(x)= \/7\/7 jlsinsxds+.|'28insxds+_|‘05insxds}
2
=— .|'13|nsxds+.|'25msxds}
T
2 (—cossxj (—cosssz}
=— +2
T X X )
2_(—cosx cosoj (—cost cosxﬂ
=— + +2 +
|l X X X X
_2 —cosx+1_2c052x 2cosx}
T X X X
2

:—[1—cosx—20052x+ 2cos x|
f(x)= [1+ COS X —2€0S 2X]

. . . . - 1 . .
Find the Fourier cosine and sine transform of x" . Hence show that T is self-reciprocal under
X
Fourier cosine and sine transforms.
Solution:
By definition of Gamma integral

T e I'n
je *x"tdx=—, a>0,n>0
a

Put a=1Is
'fe X “dx—( 5 a>0,n>0
r , I'n
J'Xn—le—lsx dX=_n -
° i"s
I'n, .
=— (=)’
S
I'n r .. ) 715 .
=—| COS——1ISIN— e =COS——ISII"I—=—I
s" 2 2 2

Fn (00377[ —isin %ﬂj by Demorive'stheorem(cos @+isin 49)" =cosn@tisinng
s"

Ix“’l(cos sx—isinsx)dx = F—(COS——ISIH n—”]
0 S 2 2
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T | I'm _ _nz .I'm. nx
Ix cossxdx—ljx smsxdx_—cos7—|—sm7
S S

Equating real and imaginary parts on both sides

T I'n nz T I'n . nx
X" cossxdx = ——cos— jx” 'sin sxdx_—sm—
S 2 s" 2
27 2 In nz )
/—Ix” 'cossxdx =, [——cos— Ix” “sinsxdx = ——sm—
Ty TS 2
_ 21In nz _ 2Tn . nx
Fc[xn 1]= = —cos— Fs[xn 1]= = —sin—
TS 2 TS 2

Deduction:

1 . . . . .
To prove — is self-reciprocal under Fourier cosine and sine transforms.

N

1 1 1 1

Itisenoughto provethat F.| —= |=—=and F.| —= |=—
e {&}ﬁ {&}ﬁ

We know that

Fc[x”‘l}z 210 7 Fs[x“‘1]: 21N,z
zs" 2 ws" 2
1
Put n=—
2
1 1
el el
F.| x? -2 lzcosZ F, X(ZJ:E 123inz
L S S
1
Elxe|-Y2Yr L Elxt|oY2Vr LT
7w NS N2 7 NS N2 4
1

[EEN

—=is self-reciprocal under Fourier cosine and sine transforms.

Jx

Find the function f (X)if its sine transform is

—as

S
Solution:

Given F,[f(X)]=F.(s)=

f(x)=F F(s) \/7IF(s)smsxds

f(x)=\/:j € sinsxds
Ty S

Taking diff on both sides w.r.to x

_[f() dx{\/ﬂo ElSsmsxds}
:\/:T :S aax(smsx)ds
7[0

—as
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Zooe—as
=.|= cossxx £ ds
e
:\/Zje“"‘s cossx ds
72-0

d 2 a I a
—|fX)|=.— e ®cosbx dx = herea=a, b=x
dx[ (] \/ﬂ[aerxz } ;[ a’+s?

Integrating on w.r.to x

2 1 1 1 X
f(x)=,|—a dx==tan?| =
e

a?+x?

=,[—a—tan"| —
T a a
F(x) = F tan-t @
T
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5.1 INVERSE Z-TRANSFORMS BY PARTIAL FRACTION METHOD

Z-Transform of some basic functions:

1. Z Z Z
Zla" |=—— - Z[M=—" : Z[(-a)" |=——
] z-a s z-1 ("] z+a
2. Z
Zln|=
[] (2_1)2
3 1 v
Z|=|=log| —
n Og(z—lj
4, B
Z ijl:ZIOg ij
L n+1 z-1
g =
Ln-1| z z-1
6 1
Z ij|=e2
n!
7. —
Z[cosn&]: 2z(z cosé)
Z°—2zc0s6+1
8. |
Z[snnd]=— zsing

Z°—2zcos@ +1

Inverse Z-Transforms:
Theinverse Z-transformof Z[ f (n)] = F(2) isdefined as f () =Z7'[F(2)].

The inverse Z-Transform of some basic functions:

1|zt i} -1 zl{i} = (-1
1 z-1 z+1
2| 77 _} ; zl[i}:(_ay ; z{i}
 z-a z+a z+a
3 Z‘l—z—z}—(n+1)an
| (z-a)° ]
For Eg.
1) z* {m} =(n-1+Da" ' =na"*
2) 2t ﬁ}:(n—2+l)a”‘2 =(n-1a"?
3) 7 (22—1)2 —(n+D1" =n+1
WA ﬁ —(h-1+D1" =n
5) Zil ﬁ :(n—2+1)1n:n—1

2
_ z nr
4. | 75— |=a"cos—
Z°+a 2
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5. 2zt -2 |—a'cos(n-DF =a"cos| £- | ansn™®
[22+a2} i )2 2 2 2

Finding Inverse Z-transform by method of Partial Fractions:
Rules of Partial Fractions:
1. Denominator containing Linear factors:

f(2) A B C
= =+ + +...
(z-a)(z-b)(z-c)... (z—a) (z-b) (z-c¢)
2. Denominator containing factors (z—a)":
f(2) A B C D
; = —+ > + 3 +...+ n
(z-a)" (z-a) (z-a)° (z-a) (z—-a)
3. Denominator contains a quadratic factor of the form az’+bz+c (where a,b,c are constants):

f(z2) A N Bz
az’+bz+c az®+bz+c az’+bz+c
f(2) _ Az+B

(Or)

az’+bz+c az’+bz+c

1. | Find Z™ ;2 using the method partial fraction.
(z+1)(z-1)
Solution:
z
F(2)=———=
@ (z+1) z—1)2
F 1
@_ ; ———- ®
z  (z+1)(z-1)
Now,
1 A B C

(z+1)(z-1F 2+1 2-1" (z-1)
1= A(z-1)" +B(z+1)(z-1)+C(z+1)

Put z=1=1=2C :C:%
1
Put z=-1 = 1=4A = A:Z
Pt z=0 = 1=A-B+C = B=t41 1 - p=1t2=4 L |g_~1
4" 2 4
1 - 1
1 __4 . 4 2

(z+1)(z-1)° z+1 z-1 (z-1)’

W =Fg=2212,1 2z
4z7z+1 4z-1 2(2_1)

Taking Z™* on both sides
1 = zl[F(z)]:lz1[i}—lzl[i}+lzl Z_
4 z+1| 4 z-1| 2 (z—]_)

f (n) :%(—1)” —?11(1)+%n
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2. | Find 21[ z- ]
(1+z2%) (1-27)

Solution:
F(z)=( )222( )z ( 132
1+z') (1-z* Z+ z7-1
ey
e
T 7t @
z  (z+1)(z-1)
1 A B C
5= + + >
(z-1)(z+1)" z-1 z+1 (z+1)
1= A(z+1)" +B(z-1)(z+1)+C(z-1)
Put z=1 1=4A = A:%r
Put z=-1, = 1=-2c = c:—%

Equating co-efficientsof 2 = 0=A+B = B:—%r

Fz2g 11 -11 1 1
= == +— —-= .
z 4z-1 4 z+1 2(z+1)

@ :>Z1[F(z)]:%zl[i}_lzl[i}_lz1{ z :

@

z-1| 4 z+1

o1

(=50 -5(-1"+3

-1)"
2n( )
1 1 n 1

f (n):Z—Z(—l) +§ n(—l)n

3.| Find 21[(1 Zl)(lzz;)(lfle)}

Solution:
1
PR
) 1
A
F(2)= (Z_l)(z_zz)(z—3)
F(2) _ 1

z  (z-1)(z-2)(z-3)
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Now by Partia Fraction,
1 A B C

(z-)(z-2)(z-3 - z—l+ z—2Jr z-3
1= A(z-2)(z-3)+B(z-1)(z-3)+C(z-1)(z-2)
Puz=2 = 1=—B:>

Put z=1, = 1=2A=> A:%
1

Put z=3 = 1=2C:>C:§
1 z Z 1 z

1 F(2)=— - +—
0= F() 2z-1 z-2 2z-3

M) = Z'[F(2)] =%z1 L—fJ— z* [é}%zl L—iJ

F) =2 -(2) +5 (3

F(N) =22 413
2 2

Z’+z

4, | Find the Z-transform of —————— using patrtial fraction.
(z-1)(z* +1)
Solution:
7 +z
(z-1)(Z +1)
F(2) z+1
z  (z-)(Z+)
z+1 A B Cz
= + +
(z-)(Z+1) (z-1) (Z+) (£+))
z+1=A(Z2+1)+B(z-1)+Cz(z-1)
Pt z=1, = 2=2A=[A=]]
Equating co-efficientsof 22 = 0= A+C =[C=-1]

Put z=0, = 1=A-B=B=A-1=1-1=0B=0]

F(2)=

F(z 1 N 0 -
z  (z-) (Z+) (Z+)
F(2) z v

T (z-) (Z+))
PutZ™ on both sides

Z[F(2)]= z-{i}—z-l

z-1

1
NI\J
+ | ™
=
1

2
f(n)=1—cosM R 5 —cos'”
2 z 2
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5.2 Finding Inverse Z-transform by

Procedure:

1. write F(2) from given expression and write F( IZ:)Z”‘1 ~
2. Find the poles by equating denominator to zeroin F(z

3. Write the order of poles
4. Find the residue at these poles
Caseilf z=a ispoleof order 1 (or) simple pole then

[ResF(z)z“‘l]Z:a =lim(z-a)F (2"

Residue Method

1 Find Z™* [ﬁ(zzl)] by the method of residues.
z-2)(z°+
Solution:
2z
Lt F(2) =——
(2 (z—l)(zz+1)
Zzznfl
F(z"'=—""—
(2 (z—l)(zz+1)
P S —— ®

(z-D(z+i)(z-1)

Here z=1, z=i and z=-i arepolesof order 1.

Res[ F(2) ZHLl =1

2 Res|F(2)2"] :|im(z_i)|:(z)zn—1

Res[F(2)2"* ], =lim (2] — g/ﬂzm

. 27"
=lim—

i (z=1)(z+1)
_20)"
(=D +i)
_ o 2%)"
2i3i-))
I O A O A O
ii-1) (%-i) (-1-i)

Res[F(z) z”‘l]zzi = (_1(Jir)in)

1) Res[F(z)zH] =lim(z-a)F (22"
Res| F(2)2" ]7 _|.my4m(z+l)(z )
27"
=lim————
21 (z+1)(z—1)
_ 2"
T @+i)(1-i)
=§ (L+i)A-i) =1 - =1-(-) =1+1=2
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3) Res[F(z)z"-lLi =lim(z+i)F (22"

n-1 i 2z
Res[F@77], =lim e

. 27"
:||m—_
z>-i (z=1)(z—1i)
2= 23H)”
=D -i) @+Hi)(2)
I G ) A e D )
@+i)(i) (i+i®) (-1
Res[F(z)z”‘l]Z:_i :((i%i)l“)

f (n) = sumof residuesof F(z)z"™*

fmy=1-- G

@+ (-3
_ _ z(z+1) _
2. | Find the inverse Z-Transform of W by residue method
Z_
Solution:
Let F(g = 22D
(z-2)
F(2)2"' = Z_ (Zt‘l)
(z-2)
Fz 2= )
(z-1)
z=1isa poleof order 3
1 dm -1

Res| F(22] = (z-a)"F(2)2"*

z=a ( _1)|z adm1

y _ z+1
RGS[F(Z)Z ]z:1 (3 ]_)|z—>1 dz? MM

:ilimd—zz[z’”%z“]

:%L@d [(n+D2"+nz"? ]
=§|Z|Lrl1[(n+1)nz en(n-1)z" |
:%[n2+n+n2—n]

Res[ F(92"] :%[an]
Res| F(2)2"" | =N
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-1 _ n2

f (n) = sumof residuesof F(z)z"

Find the inverse Z-transform of the function

}:?
z V4

Z2+7z+10 (z+2)(z+5)
ZZn—l
(z+ 2)(z+5)
Zn
(z+ 2)(z+5)
Here z=-2 and z=-5 are pole of order 1

1) Res[F(22"*] ~lim(z-a)F (22"

Solution:

3

F(2) =

__Zz
ZZ+7z+10

F(2)2"

F()7 = - ®

=lim

z—>-2

Res[F(z)z“‘l]

LZ/'/Zyj,z;%f(u 5)
_ (2" 2"
(-2+5) 3

_2°
3

Res| F(2)2"* |

z=-2

z=-5

2) Res[F(z)z”ﬂ

_ (9"

(-5+2)

_=(9"
3

f (n) = sumof residuesof F(z)z"*

(2) G2 L TP
5 ~a (29"

(5
-3

Res| F(2)2" ]

z=-5

f(n) =

by the method of residues.

Z+7z+10

. z"
L@,M (z+2) (z+5)

—2

Find Z™

(1+ 2’1)2 (1— z’l)
Solution:
2

1

by using residue method.

(1+ z’l)2 (1— z’l) Zz(

(z+1)2(z—1)

ZZn—l

(z+1)2(z—1)

F(2)=
z+1

z

)2 (
Y4
F(2)=

F(2)2""' =

)
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n

o 2
O ) (e ®

Here z= -1 ispoleof order 2, and z=1 ispole of order 1

1 m-1 .
Z:a—(m 1)||zlﬂad —(z-a)"F(2)""

1) Res[F (2) z”‘l]

n-1 i Zn
RES[F(Z)Z ]2?1 - (2_1)! ll—g‘]l dz Mm

2) ReS[F(Z)ZrH] B :“m(Z—a)F(Z)z”’l

Res| F(2)2"'| =lim
[ ( ) :' zalM Z+1 M
. z" 1" 1
=[im 5= ==
=(z+1) (1+1) 2
n-1 _ 1
Res[F(z)z Ll—i
f (n) = sumof residuesof F(z)z"*

1

f(n)= =D 1) ~——[2n-1]+=

1. d{ z" }
=—lim—
Uz>1dz| z-1
_lim (z—1)nz“‘1—§“(1—0)
z>-1 (Z—l)
_ (-1-)n(-)"* - (-D" _ -2n(-)"" - (-1)"
(-1-1)° 4
Res[F(z)z”‘lLf1 (Ol 1) ~——[2n-1]

= (_i)n [2n-1]

. . 97°
5. | Using complex residue theorem evaluaté‘l{

Solution;

Z3

(z-%)(z-2)

ZSZn 1

(z-9)°(z-2)

n+2

-— £
(z-9)°(z-2)

Here z=% arepoleof order 2 and z=2issimple pole.

F(2) =
F(2)z"" =
F(z)z"*

1 . d™

z=a (m 1)I Izl—>a dzm_l (Z a) F(Z)Zn N

1) Res| F(22""] =

(32—1)2(2—2)]

Z3

e
(3z-1)°(z-2) 9(z-3)*(z-2) (z-9)*(z-2

here m=2
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o L g 6

(z-2)°

2" [(z-2)(n+2)- 7]
(z-2)°

{(z 2)(n+2)z" - z”*z(l)}

f—z (n+2 —1}
3

,_2

( '”1 5(n+2) 1} (1)”*1(-5n—10—1j
3| (3 3

F(z)znl . = P
(3) 9
) 22
25\ 3 3 25\ 3
[F(z)znl :-(EJ 5n+11)

z—>2

2) Res[F(2)2"] _“m(Mg/zﬁ(z 1)]

2n+2
Res| F(9)2"* ] w2 (i) 25 2
3
Res[ F(2) z"‘le = % 22

f (n) = sumof residuesof F(z)z"*

f(n)=f(n)= 235 2m? +;—;(%jn (5n+11)
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5.3 Finding Inverse Z-transform by Convolution
theorem

2

1. | Find inverse Z-transform of by using convolution theorem.

(z—a)®

Solution:

(z-a)*

By convolution theorem
ZHF(2)-G(29)|=Z2[F(2) |*Z7[G(2)]

z{ z }:Zl{i.i}
(z—a)* z-a z-a
25
z-a z-a

GivenZ{ 4 }_,}f(n)*g(n)ZZf(k)g(n—k)

e
=yda e gm =Y f(g(n-k)
= kzn;/a’(ﬁ‘(a”

:ang 1

Z‘l{ z - } =a"(n+1)-1=(n+Da"
(z-a)

S 72| N
Z {(z—a)z} =(n+Da

2

2. | By using convolution theorem, show that the inverse Z-transform of ————  is
(z+a)(z+b)

ﬂ[bnﬂ _ an+1:|

b-a
Solution:
2
Given ZY —Z% —_|=9
(z+a)(z+Db)

By convolution theorem
ZF(2)-G(29)|=Z7[F(2) |*Z7[G(2)]

22 _Zl[i.i}
(z+a)(z+b) | z+a z+b

S b
zZ+a z+b

= (-a)" * (-b)’
> @0 g =, f(9g(n-K)
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— (_1)nz a_kb—kbn
k=0

By convolution theorem
ZHF(2)-G(29)|=Z7[F(2) |*Z7[G(2)]

) 2 el
K3

Z2

(z—a)(z-b)
— Z—l|: z
B Z—a
=(a)"*(b)"
= (@) )"

ab™p"

k
npKn 3 a‘
- ()
k=0
- a) (a) (aY’ a)'
=)0 1+ = |+ = | +| = | +. | —
b b b b
[ (ajml 4 iﬂ a.n+1 . bn+1
nLn b n bn+1_ n bn+1
=(-D"b =b =b"| ————
a_, a_, a-b
b b b
an+1_ n+1 b an+l_bn+l %
= (=1 nbn — _1n
(1) { o xa_b} ( )bﬁ{ F xa_b}
a.n+l_ n+l
= —1n
( )[ — }
71 z° _ (=" [bn+l _ an+1:|
(z+a)(z+b) | b-a
2
3. | Find Z‘l[z—} using convolution theorem.
(z—a)(z—-Db)
Solution:
ZZ
GvenZ'| ———— |=?
(z—a)(z-b)

S Hrg) = F gk
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n+l n+l Nl il
o) 2| 2] 12
=b" =b" =Db"
a_, a_, a-b
b b
] _ bn+1 b ) an+l _ bn+l /5
b e ”{ 8 a—b}
a™l _p™t
a-b

Z—l Z2 n+l bn+1
(z—a)(z—b) a-b

2
4. | Using convolution theorem, findz * 8;
(2z-1)(4z+1)

Solution;
2
GivenZ|— 82 | 5
(2z-1)(4z+1))

By convolution theorem
ZHF(2)-G(29)|=Z[F(2) |*Z7[G(2)]

21{8—22}221 8z |z 2z
(2z-1)(4z+1) of 5 1j4(2+ 1) (2_1) (Z_
2 4 2
_71 z «71 A
SIICH
z z
i 2) | 4

Il
7\
N
>
*
7\

5

3] rerem=3 tan-n

3)
ko\ 2
SEGGE

o\ 2 4 4

1" & (1Y (1)“"[4jk [1j ’
236 - g3 ) e
:(1 [1+2+22+23+ +2"]

4

1 2n+l 1 an+1_1
:(_ { } vlva+a’+a’+..+a" =

4 a-1

Z—1{8—22_:( j |:2n+l 1]
(2z-1)(4z+1) | 4

2
5. Using convolution theorem find Z™ S —
(z-D(z-3)
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Solution:

Given Z™ {—Zz } =2
(z-D(z-3)

By convolution theorem
ZF(2)-G(2)|=Z7[F(2) |*Z7[G(2)]

22 _z—l{i.i}
(z-9(z-3) - z-1 z-3

e

=(D"=(3)"
ZZ,(l)"(3)”’k f(n)*g(n)ZZ, f(k)g(n-k)

i
k=0

n 1 k
=3 =
il
r 2 3 n
=3 1+(Ej+(lj +(lj ++Gj
3 3 3 3
[ n+l n+1 n+1 n+1
@j -1 ;ml_l - 3;13
:3n :3n :3n
1, 1, 1-3
3 3 3
_ n+1 n+1_ n+1
P e I VY e
3™ 1-3 33 -2
-1
—_ = 1_3n+1
5137

1 z° Ll ona
z [(z—l)(z—B)}__ 2[1 3 }
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5.4 FORMATION OF DIFFERENCE
EQUATION & SOLUTION OF DIFFERENCE
EQUATION

Derive the difference equation fromu, = a+b3"
Solution: u, =a+b3" ————(1)
Replace nbyn+1in (1)
u,, =a+h3"
u,, =a+303" ————(2)
Replace nbyn+2 in (1)
U, =a+hb3"?
u,,=a+9%3" ——-——(3)
From (1), (2) and (3)

u 11

1 3=0

n+2 1 9
u,(9-3)-1(3u,,, —9,.,) + (U, —U,,,) =0
6u, —3u,,, +9U,,) +U,,; — U, , =0

u

n+1

u

n

-4u,.,+10u,,,+6u, =0
+(-2) =l2u,,-5u,,,-3u,=0

3. | Form the difference equationy, = Cos(%rj

Solution:

Given y, = cos(%[j -——

Replace nbyn+1in (1)

Yol = cos( (n +21)ﬂ} = cos(%+n7ﬂJ =-sin (%J -——=(2

Replace nbyn+2 in(1)

(n+2)z 2r  nx
Y., = C0S| ~—7~ | =cos| —+—
2 2 2

Voo = COS(ﬂ' + n—ﬂj =— COS(n—ﬂ-j
n+2 2 2

yn+2 = _yn from (1)
= yn+2 + yn = 0

Solutions of difference equation using Z-Transforms.
1. Z[y,]=Z[y(n)]=y(2)
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2. Z[Yra] =Z[y(n+1)] = 29(2) - 2y(0)
3. Z[ Vo] = Z[Y(n+2)] = Z2y(2) - Z°y(0) - 2y(D)
4. Z[Yn.5]=Z[Y(n+3)]=Z’y(2) - Zy(0) - Z°y(D) - 2y(2)

1. | Solve using Z-transforms technique the differencequation vy, , +4y,., + 3y, =3" with

Yo =0y, =1.
Solution;

yn+2 + 4'yn+1 + 3yn = 3“ .
Taking Z-transform on both sides

Z[ Yo )+ 4Z [ Yoa]+32[¥,]=Z[3"]
[Zy@-290) - 0]+ 4[5(2) - 2] +3y(2) =~
Given y,=y(0)=0,y, = y(1) =1

2°y(2) - z+4zy(2) + 3y(2) :z—fS

(ZZ +4z+3)y(2) =% 47
z-3

(2 +4z+3)y(2) _z+Z7-32
z-3
?-2z
(z-3)(Z° +4z+3)
z(z-2)
(z-3)(z+1)(z+3)
By Partial Fraction,

¥(2) =

¥(2) =

@__  (2-2)
v T3 (e (z+9) @
Now (2_2) = A B ¢

(z-3)(z+1)(2+3) (2-3) (z+1) (z+3)
z—2=A(z+1)(z+3)+B(z-3)(z+3)+C(z+1)(z-3)

Putz=3 = 1=24A :>A:i
24
3
Put z=-1 = -3=-8B :>B:§
-5

Putz=-3 =-5=12C =C-=

(z-2) _1/24  3/8 -5/12

(2-3)(z+1)(z+3) (z-3) (z+1) (2+3)
y(2) 1/24 3/8  -5/12

= z _(2—3)+(z+1)+(z+3)

(z)—i z +§ z 5 z

y 24(z-3) 8(z+1) 12(z+3)

Taking Z* on both sides

O Pl e P
24 z-3] 8 z+1] 12 z+3
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1 n3 n5 n ..*1i_"
wm=§Z@)+§«D—3§e& “Z { }_a

2. | Solve y+2—3yn1—10 % =0, giveny =1,y =0.
Solution:
Yoz — 3yn+l _1Oyn =0.
Taking Z-transform on both sides

Z[yn+2]—3Z[yn+1]—1OZ[yn]:Z[O]
[ Zy(2)- 2 y(0) - zy(1) | - 3[ ¥(2) - 2y(0)] - 10y(2) = O
Given y, =y(0) =1y, =y(1)=0
2°y(2) - 22 - 3zy(2) + 32—-10y(2) =0
(22 -32-10)y(2) = 2* -3z
7* -3z
(22—32—10)
z(z-3)
By Partial Fraction,
y@ __ (2-3)
z (z+2)(z-5)
Now (2_3) = A + B
(z+2)(z-5) (z+2) (z-5)
z-3=A(z-5)+B(z+2)

¥(2) =

y(2) =

Put z=-2 = -5=-7A :Azg
2
Put z=5 :>2:7B:>B:7

5 2
(239 7 . 7
(z+2)(z-5) (z+2) (z-5)

(
5 2
-
+

y(2) _
D= —

z+2 z-5

y(z) —§i+gi
7z+2 72z-5

Taking Z'* on both sides

5 z 2 z
Zy(@]==2" —|+=Z"

v@l=7 { }7 [ }

z+2 z-5
5 2 z
n=—(-2)"-=5" w27 —|=a"
Y == (-2)" -2 L_J
3. | Solve the equation y(n+3)—-3y(n+1)+2y(n)=0 given thaty(0)=4, y(@1)=0 and
y(2) =8.
Solution:

Z[y(n+3)]-3Z[y(n+1)]+2Z[y(n)]=Z[0]

[ 2y(2) - 2y(0) - 2 y() - 2/(2) | - 3[ 2¥(2) - 2y(0) ] + 2y(2) = O
Giventhat y(0) =4, y(1) =0
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2’y(z)-42° -8z-3zy(2) +12z+2y(2) =0
[23 ~3z+ 2] y(2) =47° -4z
47° -4z
2’ -3z+2
4z(7° -1)
(z-D%(z+2)

42(z<T) (z+1)
(z-1)%(z+2)
_4z(z+))
V&= Dz 2)
By Partia Fraction
y(z2)  4(z+))
z  (z-1)(z+2)
4z+1) A N B
(z—1)(z+2)_z—1 zZ+2
4(z+1)=A(z+2)+B(z-1)

Put z=1= 8=3A= Azg

y(2) =

¥(2) =

y(2) = - a?—b? = (a+b)(a—b)

Putz=-2—=-4=-3B= B=

y(z) 8/3+ 4/3
z z-1 z+2

S A
8

_8.4 o | B pp
y(n)_3+3( 2) - Z { } a

4. | Using Z-transform solve y(n)+3y(n—1)—4y(n—2) =0,n> 2 given that
y(0) =3and y(1) =-2
Solution:
Given y(n)+3y(n-1)-4y(n-2)=0,n>2
Replacen by n+ 2, weget
y(n+2)+3y(n+1)—-4y(n)=0
Taking Z transforms on both sides
Z[y(n+2)]+3Z[y(n+D]-4Z[y(n)] = Z[0]
[ Z2y(2) - 2°y(0) - zy(1) |+ 3[ 2y(2) - 2y(0)] - 4y(2) = O
Giventhat y(0)=3and y(1) =-2
[zzy(z) -37 + 22] +3[2y(2)-3z]-4y(2)=0
[22 +3z—4] y(2)-3z2°+2z-92=0
[22 +3z—4] y(2) =32° + 7z
37°+7z
y(2)= Z+3z-4

By Partia Fraction
y(z)  3z+7  3z+7

z  Z2+3z-4 (z+4)(z-1)
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3z+7 A . B
"(z+4)(z-1) z+4 z-1
3z+7=A(z-1)+B(z+4)
Put z=1=10=5B = B=2
Put z=—4—= -5=-5A= A=1
y(2) 1 2
z :z+4+z—1

z z
)=—+2——
¥(2) z+4 z-1

Z'[y(2)]=2" [?24} 42771 [i}

z-1

y(N) = (=4)" + 2()" = 2+ (<4)" ozt [i} —a"
Z—a

Solve using Z-transforms technique the differenceqaiation u,,, + 6u,,, +9u, = 2" with
u,=u,=0.
Solution:
u,.,+6u,,+9u, =2"
Assume u=y
Yoo+ 6Yna +9Y, =2" Yo =¥ =0
Taking Z-transform on both sides

Z[Yoin |+ 6Z[ Y]+ 92[ Y, ] = Z[zn]

[2y(@)~2y(0) - (D) |+ 6[(2) - (0)]+ 9y(2) =~
Given y, =y(0)=0;y, =y()=0

2y(2) +62y(2) +9y(2) =2%2

(22+62+9)y(z):i
z-2
z
(z-2)(* +62+9)
z
y(2)= (z—2)(z+3)?
By Partial Fraction,
y(2) _ 1
z  (z-2)(z+93)?
1 A B C
Now = + + .
(z-2)(z+3)* (z-2) (z+3) (z+3)

1= A(z+3)" +B(z-2)(z+3)+C(z-2)
Put z=2 = 1=25A :>A=i
25

Put z=-3 = 1=-5C :>C=_€1

y(2) =

Equating co-efft. of z* onbothsides = A+B=0=B=-A = B:—2—15
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¥(2) _

1
25

-1
25

-1
5

z

+
(z-2) (z+3) (z+3)
Taking Z'* on both sides

Z—a

gl Lz 2] Lpa[ 2 | 1,4 2

£ [y(z)]_25z L—z} 25Z [z+3} 5Z {(z+3)2}
V) = (2 - (-3~ N3 Zl&zfmz}:mﬂl&zlﬂJi-
U = (@) e (37 -Zn(-3"| u=y

|

a

n

Using Z-transform method solve y(k +2) + y(k) = 2 given that y, =y, =0.
Solution:

Given y(k+2)+y(k)=2; y,=V,=0.

Assumek=n

y(n+2)+y(n)=2

Taking Z-transform on both sides

Z[y(n+2)]+Z[y(n)]=2Z[1]

|2V -Zy(0) -0 |
Giventhat y, =y, =0.

z
+y(2)=2—
y2)=2——

(2 +)y(@) ===
z-1
2z
(z-)(Z*+1)
y(2) _ 2
z  (z-)(Z+)
By partia fraction
2 A B Cz
Now, 5 = +— +—
(z-D(z2+) z-1 z+1 z°+1
2=AZ"+1)+B(z-1) +Cz(z-1)
Pu z=1 = 2=2A = A=1
Puz=0 = 2=A-B=B=A-2=B=-1
Equating co-efft. of zZ’onbothsides = 0=A+C=C=-A=C=-1
y(zg 1 -1 A
D)= =
@ z z-1 Z+1 7+1
z z v
7)) = _ _
¥ z-1 Z+1 Z*+1
Taking Z* on both sides

¥(2) =

Z'y@)]=2" {i}—zl[

z-1

y(n) = ()" —1" sin%”—l” cos

. Nr aV/4
n)=1-sin— —cos—
y(n) > 5

z
ZZ+1

Nz

2

o

22

z +1}

. ki
k) =1-sin— —cos—
y(k) 5 5

kz
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5.5 Z-Transforms and its Properties

1. | Find Z[cosnd] , Z[sinnd] and hence find i)Z[cosn—;] i) Z[Sin%}

iii) Z[rn cosné?] iv) Z[rn sin ne]

Solution:

We know that €" = cosné +sinnd

cosnd =real part of €” & sinn@ =imaginary part of €"
oz

andZ[ ] A

z—(cosf+ising)
z (z cosd)+ising
(z cosH)—lsunH (z—cosf)+ising

in Z(z—cosf) +isind 5 Lo
Zlev |= s (a+b)(a-b)=a’-b
[ ] (z—cosh)? -i*sin’* @ (@+b)@-b)

Z[cosnd +isinnd]=— z(z—cose)+|zzsm¢? . cit=-1
Z°—2zc0s@+cos @+sin“ g
Z[cosnd]+iZ[sinng] = z(z—cose) AL

—2zcosf+1 7 -2zcos@+1
Equating co-efft. Of real and img parts on both sides

Z[cosng] = z(z—cose) ; Z[sinnd]=— zsng
—2zcosf +1 Z°—2zc0s6 +1

Deduction:

We know that

Z[cosng] = z(z~-cos0)

Z>—2zcosf+1

. z(z—cos;[j
) Z[cosér}zz[cosné?](H =

V4
> T
2 A ZZCOSE +1

2
Z[cosn—”}: 22 rcosZ =0
2 z“+1 2
Z[sinnd]=—; z9ng
Z°—2zcosf+1

nr zsin—
i) Z[sin—}:z[smnﬁ] = 2

2 2 2_27c08" +1

2
Z[smn—”}: 22  c0s==0 &sinZ =1
2 z°+1 2 2

We know that

rcosf+sind=1
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z[a"f(n)]=2z[f(M)],,-
iii) Z[ r" cosng | =[ Z[cosnd] | .

Z(z-cosb)
| 2" -2zcosO+1], -

r
r\r

ZZ

— —§c039+1
r r

z(z—rcos@j
r r

72227 cos@ +r?
r2

Z| " cosnd |= zz(z—rcose) .
Z°—2zr cosf+r
fgne fgne
iv) Z{r"sinn@ |=| Z{sinnd ;= =
) I: ] l: { }:|z—>? 22 z 5 ZZ—ZZI’COS(9+I’2
—5 —2—-C0SO +r 5
r r r
. zZrsingd
Z|r"snnd |=
[ ] Z° —2zr cosf +r?
2. | Find the Z-transform of forn>1
n(n+1)
Solution
Z ! =7
n(n+1)
By partia Fraction:
1 A B
n(n+l) n n+l
1=A(n+1)+Bn
Putn=-1;, 1=-B=B=-1
Pun=0; A=1
1 1. 1
n(n+l) n n+l
Z 1 =Z 1 -Z SES P @
n(n+1) n n+1

Now, we know that

z[f(n)]=f: f(n)z"
5533 o
-2+ %H +§@ ’
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3. | Find Z[n(n-1)(n-2)] .

Z[f(m]=3 f(nz"

Z[n]= gn(éjn
= O+1(%jl + 2(%)2 + 3(%)3 +..

=X+2X2+3C +.....

-2
= XA+ 2X+3x° +....)=X1-X)? = i(l— 1)
z

z
_1(2_—1j‘2_1(ij2_1 z
z\z ) z\z-1)  zl(z-1?

2ol

We know that Z[nf (n)] = —Z%{Z[ f (n)]}

Solution:

Z[n(n ]zz[(nz—n) } Z[n3—2n2—n2+2n]=2[n
Z[n(n -2)|=2z[n*]-3z[n*|+2Z[n] ————(1)
Weknowthat

2 _3n%+ 2n]
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Z[nz] = —z%{z[n]}

_,d) z
- dz](z-1)

_ -0’ @-42(z-1)
(z-1)"

(z-1)(z-1- 22)}

=-z
{ (z—l)4
_ -1-z
(z-1)
1 Z+7°
Z[ ] (z—l)3
Z[n ]:Z[nn ]:—Z—Z{Z[n ]}
__,9 2+ 7
dz (z—l)3
__Z_(z—1)3(22+1)—(22+2)3(2—1)2(1—0)
ol (z-1°
@ [(z-)@z+)-%Z + 2)]
- (z-1°
__2_222—22+z—1—322—32
ol (z-1*
__Z_—zz—4z—1
L @y
o1 22 +4z+1))
Z[n ]_—(2_1)4
_ A +4z+) , z+7 z
MW= Z[n(n-1)(n-2)]= ) ”(2—1)3+2(z—1)2
4. | 1f U(2 :M+—w, evaluate u, andu,.
(z-1)
Solution:
: . 27°+5z+14
Given U(2) =F(2) ——(2_1)4

We know that
272 1 57+14 22(2+5+1L21j
u, = £(0)=limF(2) = lim %2222 _jim z 2

|
500 (2—1)4 z® 24( 1}2

U = £(0)=0 -.-i:o
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u = (@) =lim[ZF (2) - 7 (0)]

_lim 2(27° +5z+14)
) (z-*

23(2+5+14j

- z(O)}

Z—0

z 7

=lim -0

Z—0 4
“(-2)
4

L=f@®=0 ~L=0

o0

u, = f(2):LLrpo[ZZF(z)—zzf(O)—zf(l)]

[ (222 +5z+14)
=lim 2
Z—0 (Z_l)

- 7*(0) - z(O)}

i T
z“(l—lj -9

u,=f(2)=2

U, = f(3):LLrQ[z3F(z)—z3f(O)—zzf(1)—zf(2)]

] -+ (a—b)* =a* —4a’+ 6a’b* — 4ab’ + b°

3 2
_lim| 22245241 50y 22(0) - 2(2)
Z—w (Z_l)
3 2
_1iml 2 (22 +524+14)_22
Z—>0 (Z_l)
_lim 7 (22°+5z+14) 2
2> (z-1)?* z
_lim# 7°(22° +5z+14) - 2(z-1)*
2> 2*(z-1*
_lim# (22" +52° +147°) - 2(2* - 472° + 62° - 4z +1)
Z—>® 22(2—1)4

_lim# 27" +57° +147° - 27" +87° -127° + 822
z—>0 22(2—1)4
. .(132°+27°+8z-2
=limz 5 2
ze z°(z-1
2 8 2 2 8 2
22|13+ + 5 -5 13+ =+ -
( z 7 3) ( z 7 z3j 13+0+0-0
=Z»oo 4 =ZLQ 4 = (1_0)4
#(-3) -3)
z z
u,= f(3)=13

5. | State and prove initial and final value theorenof Z-transform.
Initial value theorem:

it Z[f(n)]=F(2) then f (0) =limF(2)

Proof:
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We know that

Z[f(n)]:zoj: F()z™"
ime =m0 ]

zlzi_)rg{f(O)(%j + f(l)(%j + f(Z)(%j +}

imF ()= 1(0) -:%:o

Final value theorem:
If Z[f(n)]: F(2) then lim f (n) = Iirrl1(z—1)F(z)

Proof:

Z[f(n)] Zf(n)z ————— @
Z[f(n+D)]=> F(n+DZ" ————— 2)
D-2=
Z[f(n+D)]-Z[f(M]=3 f(+DZ" -3 f(n)zZ"
[ZF(2)-Z (0)]-F(2) :Zoj:[ f(n+1) - f(n)]z"

Izim[(z—l)F(z)—zf 0)]= Izimi[f(n+1)— f(n)]z"

lim[(z-)F (2)]- 1 (0) :i[ f(n+1) - f(n)]

|
lim[(z-1)F ()] - f(0)=[}exf—f(0)]+[M—m]+...+[f(n+1)—m]+...oo
lim[(z~ DF(2)] =H0) = —HO) + f (N+1) +..0

lim[(z-DF@)]=lim f(n) = f(n+1)= f(n) when n—

Hence proved
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